ae Wee. e^ d (Cu Ie 
CO BULLETIN | ^ Cosi 


OF THE 
CALCUTTA 


MATHEMATICAL SOCIETY 





1942 


ES 


à 
5 A 


3 snerjee, D. P. 


nabbacharjee, B. C. ... 


jose, Purnendu 


Bose, R. C. 


' Do. 


Chandrasekharan, K. . 


' hariar, V. B. and. 
Chatterjee, N, 


Choudhury, A. C. 
Do, 
Do. 

' ihosh, N. N. 


shosh, B. 


Levi, EF. W. 
Mohan, B. 


Do. 
Mohanty, R. N. 


9—]1874P—4 


INDEX 


PAGRB 
On the Solution of the Easier Waring 
Problem — „197 
A note on the Tractix and the Cyoloid 
as Statistical Distributieu Curves — ... 105 
On the Exact Distribution of the Ratio 
of Two Means belonging to Samples 
drawn from given Correlated Bivariate 
Normal Population i .. 4189 
A note on two series of Balanced 
Ineomplete Block Designs .. 129 
On some new series of Balanced 
Incomplete Block, designs ... zc PE 
The Absolute Bessel-Summability ... 187 
On & certain Quartic Soroll associated 
with a pair of given Lines and two 
given Quadrics — .. 188 
On acase of Cross-ratio system of a 
8-Web -— T" b EIE 
On a generalisation of Thomsen’s 
Tnangle in a Web — .. 98 
On the 4- Web of the pe Lines 
of Curvature À wai 1 
À Matrix method of kaayan Strain 
and Stress in Hyperspace .. 148 
On plane Strain and plane Stress in 
Aelotropie Bodies i se AOT 
Presidential Address vi uc T 
Infinite Integrals involving. Bessel 
Functions (II) at 171 
Infinite Integrals involving TRA 8 
Functions (ITT) ee 55 
Determination of the Jümp of a Fune 
tion by its Fourier’s series e. 99 


i 

Rao, D. V. B. 
Rathnam, P. 
Roy, S. K. 
Sen, B. B. 
Ben, N. Re 


Shabde, N. G. 


Sinha, §. 
Siroar, H. 


Srinivasiengar, C. N. ... 


Vali, M, À. 


INDEX 


Two Inversion Formulae 

Some Theorems of Algebraic Function 
Fields of one Variable 

On a case of Slow Viscous Flow 


Stress in an Infinite Strip due to an 
Isolated Couple acting st a point 
inside it 

A note on Meson Wave 

On an Integral involving Laguerre 
Functions 


Some Infinite Integrals 


. - On H. Poncin's Problem 


The Resultant of two Wrenches on 


- two given Screws T 
- On the Sampling Distribution of Har- 


monie Means 


- Obituary 


181 


Los bs i 
la 
















N THE 4. WEB OF THE PROJECTIVE LINES OF CURVATURE 
By 


A, C, CHOUDHURY 


1. The Differential geometry of a two dimensional surface 
immersed in a linear three dimensional projective space is what 
may be called classical projective differential geometry. This differen- 
tial geometry has been studied by Wilzinsky, Fubini, Céch and 
others in tensor notations and also in special parameters. It is the 
eometry of invariants of three fundamental forms F5—G,,du'du', 
"g=A,,, du'du'du' and P—P,,du'du'. The two forms F, and. 
P are apolar. F =0 are asymptotic lines on the surface and F,=0 
are Darboux curves on it. In projective point coordinates let the 
surface be z, =a, (ul, u?) i=1, 2, B, 4 where u}, u? are fundamental 
Dürattiskera on the surface. Denoting the 4-vector (x,, Vy, Zs, £4) 
ay X the surface is given by X(u!, u?), Similarly, if u,, Ug, ug, t4 are 
jective line coordinates and U denotes 4-vector (ui, us, tis, U4), 
en the surface is given by U(u!, u2), The relation between X 
d Uis 

K.U=0. ae AD) 


Thus in this differential geometry there are always two sets of 
quations, one in point coordinates and the other in line coordinates. 
e point coordinates and the line coordinates will be supposed to be 
erentiable sufficient number of times. At every point of the 
face, a projective normal point 


Y=4Gr'X,, l san (2) 
and a dual projective normal plane 
EN V=}G"'U,, (8) 


have been defined by Green. The derivatives X,, and U,, are 
covariant derivatives with respect to the fundamental form Fa. These 
are invariantly connected with the surface and are indeed invariant 
for arbitrary projective transformation of the linear space of immersion 
and arbitrary change of parameters ul, u? on the surface. The 
straight line joining the points X and Y will be called the projective 
normal and the intersection of the plane U, V will be termed as the 
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dual normal, ‘These normals define exactly in the same manner 
in the ordinary differential geometry of rigid transformation, two ln; 
of curvature through each point along which any two neighbourin 
normals intersect, Dually we get another set of lines of curvatu 
which will be called dual lines of curvature. : 

In this paper I have discussed the nature of the surface on which: 
these two nets are disgonal nets of each other. In particular when 
the net of lines of curvature are plane net, then ihe surface is founc 
to be a Peterson dual surface and when the net of dual lines. 
of curvature is conical, the surface is a Peterson surface. 


2. Principal. Formulas 


A short summary of principal formulas of projective differential 
geometry will now be given here.’ The derivatives occurring below 
are covariant derivatives with respect to the fundamental form I*,: 
unless otherwise stated and the symbols with which these derivatives 
are taken will be preceded by a comma. As F,4—0 are the asymptotic, 
lines and P420 are Darboux curves, it follows from the well-know; 
expressions for them 


1 
G,,= Set (X X1, Xo. X,.) 
ydet G,, 
1 
Ags, = det (X, X1, Xs, X, , ,, ). seer AD 
ydet G,., | 


As X, must lie on U, 
U. X,-0. 


Solving (1) and (6) and taking suitable factor of proportionality 


U=(u,) nee (7) 
i ; 1 : l 
where yu, 2——————- det (X, X,, Xa E,), B; being unit 4-vectors, 
/ det G,, 
Hence G,,=U.X,, .. (8) 


and from (1) and (0) G,,— —U,X,—U,,X. Also from’ (7) and (8), 
using Ricci’s lemma G,,,, =0, i | 


Api = U.X p= UA SU RU ,,.X. LE (9) 


E 


4-WEB OF THE PROJECTIVE LINES OF CURVATURE 3 


Again U.Y=4Gr'U.X,,=4G''G,,=1; 
U,Y-j4G*'U,X,, =—-4Gr'aA,,,=0 ss. (10) 
by the apolarity condition and hence U Y, —0. l 
Dually X.V=1, X,V=0. XV,;=0. .. (11) 


Ag Ursel, det (X, Xn Xa: Y)- sf det Gri + 0, 1.6., X, X1, Xo, 
Y are independent points. Hence from (8) and (9) 


Xps =A XptG,,Y+P, x TEE 
Xi —-L,X-4B;KX,. 


Corresponding dual formulas are 
U,,=—-A;,0,+G,,V+Q,,0 .. (18) 


V,=M,U+D]U,. 


Multiplying the first equation of (12) by G"*' and using (2), 
it is obtained that 
pregt'p..-0 
and the corresponding dual equations Qr2G7*:Q,,-0. X,,, is 
symmetric and hence X,,,—X,,,—X,,. ButX,,,, is nob symme- 
tric and the integrability condition of X,,, ie., the conditions that 
Xps X; ps p =O are found to be 


At Prt Pripet Oulu mA Ef eit Ppt Gl, we (14) 


Rem: G7? =G, B? AP tA; ese +P, ,G1-6G, D1- A7 na 
—At,Af, —P,,G? 
where R,,,,, is the Riemann’s curvature tensor. Multiplying the 
second condition by Gg p 


Re pst s=G,,ByptAspssy tA} Api. —G, By p—Apeyy, ~AprApys 


—P,,G,p,T-P,,G, p. 
As Rpp = Borsa Gr? (Re pres ~Rprrt)=0 
which after some simplication gives i 
By, * HG,,— A5, , t P5, 2p, Py, .. (15) 
where = —4B? and À&j,,,-O0,,. 
From the corresponding dual equations it is obtained that 
Dp: - H'G,, 2 —C,, * Q», i] .. (10) 


where Hi= —4Dr. 
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Subtracting (15) and (16) and multiplying by G?', 


H'—H. 
Differentiating VX, =0 covariantly and using (12) 
Gy,VY+P,,-D,,=0 d 07) 
and hence H= -4Dr=—-4G''D,,=—-VY. .. (18) 
Multiplying the first equation by Y | : 
B,,=~HG,,+Q,, .. (19) 
and dually D,,=-HG,,+P,,. .. (20) 
Therefore, from (15), 
Q,,- CO, t P,,. .. (21) 
Also from (18), (12), (18) 
H,-2-—M,-L,. s. (22) 


Multiplying the first equation of (14) and the corresponding dual 
equations by G*'*, 


L, =Pi,, +P,,A} : 


M,2Q/,,-Q,,A1'*. .. (28) 
One of the integrability conditions of second equation of (12) is 
L,,TBiP;,—-L,,,-P,,B] eo (24 


and of the dual equation of (18) is 
Mt DP 2M, - DiQ,,. puer (20) 
As H,,=H,,, from (12), (L,,  —L,4,,) -(M,, 4 M, =0. 
Therefore from (24) and (25) 
Bi1P,,T Q,,D1—0 
and finally from (19) and (20) 


G?'(P,,Q, ; + PL; Q?*) 
He gk wet odi j|. .. (926 
Pitt Qie (a0) 


8, Equation to the lines of curvatures 


The equation of the normal line is 
Z=AX +vY. 
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Hence from (12) 
LZ = (A,X +AK, Ev YvY jù! 
= Kata, vL) XQ + vi BY) +, ùX. 
As the normal line is tangent to the focal surface Z, of its 


congruence, the point Z must lie on the normal line and must there- 
fore be linearly dependent on X and Y. 

‘Hence ` Au? -- vi! B] —0. s MO 
Let a tensor E,, be given by 


B,4—0, E14— * detdG,,, By, — -det*G,,, Eg, =0. 
Then E,,du?du" —0. 
Multiplying (27) by E,,du* 
BiE,,-du'du’ =0 
and therefore from (19) 
Q1E,,du'du' =0 
or Qi(du9)9? + dutdu? (Q} — Q8)—QF(du!)? =0 .. (28) 
which is the equaticn of the Imes of curvature. Similarly the equation 
of the dual lines of curvature is 
" PFE,,dutdu' =0 .. (29) 
or —— (du3)9P)s duldu*(P] — P3) — (du1)* P3 —0. 
Also in order that there should exist & direction du‘ satisfying (27) 
which can be written as (AG? +vBY)du‘ —0, 
det(AG 1? -+vB?)=0 


1.8., A? —2HAv+v47K=0 
where , K=det Bf. $ 
Putting RA=v and solving the quadratic equation, 
-1 zd 1 1 
= + e, Kz-——.——. 
He R Ry Ra 


R,, Rg are called the projective principal radii and K is called the 
projective curvature. 


K= det Bi =H? +det Qi =H? +detG, det Q,,. sue (80) 
In a similar manner, dual projective curvature is given by 
K/ =H? + det P, ,det G,,. ene (81) 


Thus, unless C,,=0, K+K’, 
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Condition will now be found out when the lines of curvature 
form a net in the neighbourhood of a point. If the discriminant 
det Q, +O, then 


v[Q1(du?)? + 2Q]du!du? — Q$(du!)?] =o0'! (ldu! + mdu®)(ndu! + pdu?) 


where c(ldu!-- mdu?) and o (ndul--pdu?) are total differentials of 
two functions $, and gg respectively, provided of course the original 
~ equation is solvable. Then the limes of curvatures are $j--consí., 
$9--const. Det Qi+0 is the necessary and sufficient condition. Now 


CECE is —gol(p—mn)-2v det Q1 2v/ H?—-K 


O (u! 
O (61, $a) 
As det Qi=-0, Dulu? E Jiului ^O 
and x=p, (ul, u?) 
y=¢palu!, u?) 


- 


ia a topological transformation of the u!, u? plane and transforms the 
lines of curvature into pencils of parallel straight lines parallel to the 
co-ordinate axes, Hence in a convex domain in which det Qi does 
not vanish anywhere, the lines of curvature ¢,(u!, u*)=const., 
$a(u!, u?) — const., form a net in the sense of a web.? 


Now, —4 det Qi= 2RD? +4Q1Q?=(Q] —Q8)? 4- 101Q? 


Em —33—(8118ss 7 029Q11)? + 4(85,Q13 — Qa3G 1 3)(811Q15 


-Qis l= Be [l Qas= 03Q11) - 1-011015 





4 
—Q11613))? + G$, det G, (G; 112 7 0413Q11)?]. 


Hence, a8 on an elliptically curved surface G,,G$9— Gf, > 0, 
det Q{=0 if and only if 


G11Q15— G1 2Q11=0 and G,1Qs4 — G91Q1 1 0, 


Qui LFT Qag " (83) 
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This point will be called as the projective umbelic. Similarly the 
conditions for dual umbelies are 


ZIL = li? .—22. .. (88) 


If (82) holds for all points of the surface, then Q*=0 at all points of it 
and therefore the equation of the lines of curvature vanish identically 
and every line is a line of curvature. Hence from (26) 


H=0 .. (84) 
and from (19) B,;=9. 
Also from (22), (28) and (84), L,=0 
and therefore from (12) ¥,=0. 
Therefore Y is a fixed point. This surface is called a projective sphere. 
Similarly the surface on which (38) identically holds is called a projec- 
tive dual sphere. Every line is a dual line of curvature and H=0 and 
V is a fixed plane for this surface. If a surface is a projective dual 
sphere and at the same time a projective sphere, then 
P,,20, Qi, =0 ... (85) 


and hence ©,,=A‘,,,=0. All the projective normal points are 
identical with one point and the dual normals lie ona plane. The 
surface is called Tretietzeika- Wilzinski surface. 

An important property of the two lines of curvature and the null 
lines of the two forms P, Q is that if the dual lines of curvature 
coincides with the null lines of the form Q, then the lines of curvature 
will coincide with the null lines of the form P. To prove this, let dual 
lines of eurvature be chosen as the fundamental parametric curves. 


Then . (4520, Pyg=0, 
and therefore : 
Fo=G,,(du!)? + Ga5(du?)? .. (86) 
P=P, , (du!)* + Pgg(du?)?. 


As the dual lines of curvature coincide with the nul! lines of the 
form Q, . 
Q=Q] godu! du? 
and therefore 


Q11=9, Q22=0, and Q,g-£0. 
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Thus Q}=G1' Qar, Q1- G??Q;,, Q] 0, Q8=0 
and the lines of curvature is thus 
Gag (du?) — G, (du!) = 
But as Pf=0, and G,,=0 


OO ne — —À— 4. 


Therefore Fa —G[(du1)? + n(du2)?] 
P-P,[(du!)3 — (0u2)3] . (87) 
and the linea of curvature is 
Gy [(du?)? ~p(du®)2] — 0. 
Thus the property is proved. 
The quantity » is important; for it is one of the cross-ratios between 
the tangents to the four lines of curvature. It is not only invariant 
for the projective transformation of the space in which the surface 


is submerged, but also invariant for the topological transformation of 
parameters of reference on the surface. Consider the particular case 


2(4,9 j 
when p= Po . The form F, then becomes 


[?(u?) 





Gy 
f*(u dj 


Introducing new parameters by 


Mem o= (sunaa, 


jeu +dv2], The curves u? =const., u? —const. 


zd) Te y (du?)?]. 





F, reduces to 
; f*(u n 
are u=const. and v=const. respectively. The parameters in this 
special case are called isotherm conjugate. With these parameters 
the dual lines of curvature are dudv —O0 and the lines of curvature is 
du? — dv? — 0 and cross-ratio between them is —1. 


4. The two nets 


The surface has been referred to ul, u? parameters and on it 
consider a part of it, say, a convex domain D!. This domain will 
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correspond to a domain D of (ul, u®)-plane. To each point of D 
there corresponds one point of D!; but the converse is not always 
siue; for example in the representation 

=r cos ul sin uf, y=r Bin u! sin u9, #=7 CoB u?, 

Oul < r, Osu<2r.. 

the poles of the sphere corresponds to the whole ling segment v=0 
and v=r respectively. Butin general if D is sufficiently small, then 
for each point of D! there corresponds one point of D. Indeed this 
is one of the assumptions that the curves ul -const., u? —const. may 
be the fundamental] parameters on the surface. i 

Consider a surface which is such that the two nets of lines of 
curvature form s hexagonal 4-web in D, 

Then if the surface is elliptically curved, the domain D' should 
be free from umbelics. By Mayrhoffer and Reidemeister’s theorem, 
& hexagonal 4-web may be topologically ` transformed to four pencils 
of straight lines. This transformation is defined uniquely. except 
for a projective transformation of (ul, w&?).plane. . As projectively, 
distinct 4-webs of straight lines are- also topologically distinct, three 
distinct cases may occur (t) when all the vertices of pencils lie on 
a line, (ti) when only 8 vertices lie on a line, and (tii) no three vertices 
lie on a line. In the first case, the line on which the four ‘vertices 
lie may, by a suitable projective transformation, be brought to 
infinity and the pencils will be four pencils of parallel straight lines. 
Let the two nets of lines of curvature form.» 4-web of this type. 
Then their equation may be reduced to: 

duldu*-:0 and (dut+du*)(mdul +ndu#)=0 
where m, nare constants. Supposing duJdu2=0 are dual lines of 
curvature and (du! -- du*)(mdu! -- ndu*) —0 as the lines of curvature, 


g=on, Qi= om, o(m+n)=Q]-Q} and G,5—0, Pyg=0. 


Thus the cross-ratio of the four pencils is 


e" . 


m UY 0g cns Pu as 1 =0 and P0. 38 
"REC a a d E 


Also e(m -n)— Q1 —Q?— Q1—Q3 and therefore Q} 4- Q3— Q1 +93. 
As (54:0, this reduces to 
GesQer+G11Qas=GesQi1+G11Qre i 
` and- the cross-ratio is therefore -Qu-Q&s., 
AP. | Qgo—Qia - 
2—1974P—1 
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T ..Q -Q -Qı 
m "0500 oos 
: 2 1 1 
T ace S NR .. (89 
Ted Qis os Qo n 


Thus for a surface on which the two nets of lines of curvature 
are topologically equivalent to four parallel pencils of straight lines, 
Qıg should be the harmonic mean of Q; , and Q22. 

If the cross-ratio is equal to —1, then it follows. from (88) that 
G,,— Ggs -and alsoas m+n=0, Q]—Q8-0, ie. Qii=Qsg=0. 
The two nets of lines of curvatures are diagonal nets; the dual lines- 
are themselves the null lines of the form Q and are isothermal 
conjugate. ‘Thus the necessary and sufficient condition that the two 
nets of lines of curvature are diagonal nets is that the dual lines of 
curvature on the surface are isothermal conjugate and are also 
identical with the null lines of.the form Q. 

As Gis=0, Gi 1=Gis, Put — Pos, P1520, ıt follows from the 
equation (12) ” : 

: l X1 - Xss - (Af; —ABa)Xp—2P 1X 

X19 — AfgX ,. 


ox 
But Out 
of second kind, the above equation may be written as 


0 7X . 0 2X 
(eure qour TAi +h As T89X,-2PuX 


As X; =——— LX where L7, is Christoffel’s symbol 


0 7X 
Bul8u? — (Ata - L'19)X p. 


But as Gyg=0 and G,,=Ggg, the apolarity condition G^'A:,-—0 
reduces to Aj{,+Ag.=0. Also l']j—-—-I135,-—34G!! OSL and 
u 
Dje-DN--4G040981, 


Ou? 
Thus AQ, + IT, = —(Agg+T8q). 
Hence the surface is a solution of the two equations 
8 2X 6 ®X 
(8419 (8u  (8u2)9 —a-5g (Ali TIU )X —2P,,X eee (40) 
PX 
a gr (Afs T'fo)X 


Bul Au? 
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Similarly a8 (019-0, Gi} = Goo, Q11=Q¢99=0, Qie t0, it follows 
from the equation (18) that 
o? U 
8uigus C Ais t TIgJU, TQji$U 
(41) 


ðU 2U 
A HE - i845 y 7207 Afi E TE)U,. 


9. Union curves of a normal congruence 


: The union curve of a normal congruence is a curve whose oscu- 
lating plane contains the normal point. Let the union curve be 
u'=@4(t), u2=¢9(t). -The osculating plane is the plane determined . 


9 
by the points X, T. pus and its equation is therefore 


dX dX | Pa T 
det (^ X, di 3 5 )=0 where y= (xq, Lo, V3; 24). : 


If this osculating plane contains the normal point 


dX d?®X\_ 
det (m X, di ' oa | 
But X2X,u' 
X=X,,u'ut+X ut where X,,= OX and dot 
1 : ðu ðu ðu? 


represents differentiation with respect tot. Hence the union curve 
is given by 
det (Y, X, X,du!, X, dudu’ - X,d?u!) «0. 


But from (12), 


EIC +D) Xi tG, +P, X 


where I‘! is Christoffell’s symbol of second kind. Putting this value 
in the above determinants, it is obtained that 
det [ Y, X, X,du*, ((A1 , +T: ,)durdu'd?uf )X , ] «0 
ie., 
dul {(A2, - T'2 )durdu* -- d?u?) —du? ((A1, +D} ,)du'du' +d?ul}=0. 
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which can easily be put in the form . 
BH, (At, +L? du" dutdu’ 4 E, ,du'd3*=0. was 7 (42) 
Writing in full, the equation 18 
(d2u2du! —d*?u!du?) + (A2, +D?,)(du)? 
+ (du3)?du?(2A?, --2D'?5 — A14 — 14) 
-dut (du9)*(-2A], - 91 - Ads 33) — (du?) (Aha + Tha) 0. (48) 
Dualising, we get the dual union curve as 
O Billt, A? )durdutdut +E; dutd?ut-0. o (44) 


. ; The above differential equation may be pub into more compact 
-sform. Let 


DpH +A) -30T tA) 7-381071, Af, ... (45) 
Putting [2i and summing over i 

II, - (1, +A] ie + A001 38171, € A1,)—0. 
Therefore II], 118, =0, Ia + 1125 —0. 


Also DEEP eYXIE. 
Thus II]52 —1185 30719 A13) — 5(U85 + A29) 
I= -IJ =T} +A) $C AB) - ae (48) 


Iza =D} +A}; UP =191+ A, 
- Thus the differential equation of the union curve reduces to 


i e a a e a 
. = (d9u*du! — d*uldu*), 


Putting u! =u, u? zv and dividing by dv?, it becomes 
3 9 
d?u — du du| _ du _ l 


' The integral curyes of this differential equation represents & quasi- 
geodesic system. It has two important properties: (i) through each 
point there passes one integral curve in each direction, (ii) im Kleinem 
exactly one integral curve goes through two given points. This 
differential equation form a topologically invariant class of differential 
equation of second order. ‘This quasi-geodesic system plays an 
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important role in the discussion of plane 4-webs. The curves of & 
4-web always belong to a uhique quasi-geodesis system. If two 4-webs 
are topologically transformable, then by the same transformation, 
the quasi-geodesic system of one is transformed into the quasi-geodesic 
system of the other. Consequently then and only then a 4-web can 
be transformed to one of straight lines, when the quasi-geodesic 
system belonging to it is equivalant topologically to the system of 
straight lines on the plane. 

Let^us consider. the Gase when the 4-web formed by mutually 
diagonal nets of lines of curvatures on a surface may belong to the 
quasi-geodesic system of union curves of normal congruence. The 
conditions that u=const., o=const., u+v=const., u-v=consb, may 
be solutions of the differential equation (47) of the union curves are 


I, =0, 11350, 1?,=0, 111520, i.e., all },=0. ... (48) 
Therefore from (46) all T}, -- A1,—0. 

This is just in accordance with the ‘theorem that the 4-web ig 
transformable to one of straight lines only when the quasi- -geodesic 
system is transformable to the system of straight lines of the plane. 
As the lines of curvatures are union curves, they are plane curves.‘ 
The differential equations of the surfaces are then 


3?X_ O7X — " ' 
Qu? Gv? =—2P,,4 
O?X _ 
QuOv ' 
which ean also be written in the form 
9 
era" ee a (49) 
- QB 2X z 
Budv 
where U+tV=p, u-—vV=q. 


< Both these equations have the form of Moutard’s equation or more 
exactly Moutard’s case of Laplace’s equation. The solution of the 
second equation is f(u)+¢(v). The system of equations (49) has only 
four independent solutions. So since f,;(u)+¢,(v), t=1, 2, 8, 4, are 
four independent solutions, the surface is given by 


X — (fy(u) tpi), fa(u) + g(r), falu) teal), fale) + oar), 
zx (f (u), falu), falu), fAQ0) + (01(9), gv), palt), e4(v). ... (50) 
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In non-homogeneous co-ordinates, the surface is 


gi) *$i(v) , _ falu) + polv) gc falu) tolv) et (51) 
Jalu) tpa) falu)  o4(0) falu) + $4(0) 

The surface is a generalisation of the surface of translation, and 
has been called Peterson dual surface after the name of the Russian 
mathematician Karl Peterson.” To construct the surface draw the 
two space curves 

0,: (filu), falu), falu), falu)) and cg: ($1(v), gal), palo), 04(0)). 
Then the middle point of the segment joining any arbitrary point of 
c, with any arbitrary point of cg is a point on the surface which is 
thus made up of all such points. A curve u-ug on the surface is 
obtained by joining the point ug of o, with all points of cg. This 
equation of the curve u— ug in space co-ordinates is 

X(uo, v) = (fa(ug) +910), fa(uo) t 6(t), falto) tps), falto) + pal). 
. (52 
The' tangent point to itis S 
QA?) = (p'le), galo), Yale), galo): 
Thus the tangent points to the curves u-ug and Cy are identical. 
Corresponding results hold for the curves v=v 9 and c}. 

In a similar manner, the quasi-geodesic belonging to the dual union 

curves i8 found to be 


2 
d?u — Eo [du\ QU du t r, 
dp? XE 2) ei BIL} 2 1I3s, It’s 


being =» I }g= -Ijs-3015 - Al) - I3, - ABs) 
UP y= -11,-302,-A29 -311, - A10) 
Tiis= Tha~Ada, II$, T4, - AR. 


As before the condition that the 4-web of mutually diagonal nets of 
lines of curvature and their duals may belong to this quasi-geodesic of 


(58) 


: * 
dual union curves is found to be that all I1! , 0 and the differential 
equations of the surface are found to be 
Q?U 920. 
Gur = 89 
0 U 
QuOov 


=0 
(54) 


—Qi1gU. 
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Introducing the parameters p=u +v, q-u—v, 


.. (55) 





The surface is therefore generated by taking two curves (¢,(p)), i=1, 
2, 8, 4, and (W,(q)), t=1, 2, 8, 4, and call these c, and cg. Then 
the surface is generated as the envelope of the middle planes passing 
through the intersections of the tangent-planes of c, and cy. The 
surface may be considered as generated from the lines of curvature. 
The dual lines of curvature u=const., v=conet. are cone curves. The 
surface is a Peterson surface. 

Lastly, if on a surface for which the | lines of curvature and their 
duals form two diagonal nets of each other; the lines of curvature 
belong to the union curves of normal congruence and the dual lines 
of curvature to the dual union curves, then 


Df, -ADn 27 -(I'$3-A839)- 
Tla +A¥%g=0. 
The differential equations of the surface are 
O?X _ 
~ Oudv 
.9?U _ 
Opdg 


The surface can be generated from the lines of curvature as well as 
from the dual lines of curvature. 


- 


=" 


(56) 
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ON SOME NEW SERIES OF BALANCED INCOMPLETE 
BLOCK DESIGNS 


By 
R. C. Bost 


]. Introduction: A Balanced Incomplete Block Design, regarded 
abstractly, is a combinatorial scheme involving v objects or varieties 
arranged in 6 sets or blocks satisfying the following conditions: 


(i) Each block contains k different varieties (k<<v) 
(it) Each variety occurs in exactly r blocks 


(iii) Any two varieties occur together in just A blocks. The five 
constants v, b, 7, k, A may be called the parameters of the design. 
They are not independent for they obviously satisfy the relations, 


bk=vr, A(v—1)=r(k—J). .. (0.10) 
Fisher * has shewn that the inequality 
bv or ker .. (0.11) 


is also a necessary condition for the existence of a design. Ibis 
well known that the conditions (0.10) and (0.11) are not sufficient for 
the existence of a design, i.e., given five integers v, b, r, k, A satis- 
fying (0.10) and (0.11) there may not exist a design with these 
parameters, the best known example being v=86, b=42, r=7, 
k=68, A71. 


2. These designs were first introduced into experimental studies 
by F. Yates." The combinatorial problem involved in the construc- 
tion of these designs, excepting the case k=8, A=1, seems not to 
have been systematically studied, doubtless due to the fact that 
their importance for experimental studies was never realised before 
the work of Yates. A brief review of the literature on the subject 
will be found in a paper by Gertrude M. Cox? ‘Enumeration and 
Construction of Balanced Incomplete Block Configurations’ and in 
my paper,’ ‘On the Construction of Balanced Incomplete Block 
Designs.’ I showed in this paper that the ‘method of symmetrically 
repeated differences’ provided a useful weapon for the construction 
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of these designs. The solutions for the following classes of designs 
(under certain restrictions) were obtained in that paper by this 
method (i) k=8, A=1 or 2, (ii) k=4 or 5, A=1, (iii) v—b, r-k. The 
solutions for some other designa were derived from (iti) by the method 
of ‘Block Section’ and ‘Block Intersection.” The object of the 
present paper is to apply the method of ‘symmetrically repeated differ- 
ences’ to study designs belonging to the classes k=4 or 5, A1. 
Solutions for the following series have been obtained, under the 
restrictions noted 


(oj) v=6t+I, b= (6+ 1), - pe 4, k=4, A=2 
when 6f +1 is a prime power p" | 
(a; v=4t+1, b=t(4t +1), rz df, k=4, A=8 
when 4i 4-1 is a prime power p" 
(og) v-10t-1, — bzt(10t 1), r= bi, k=5, A22 
when 10/+1 is a prime power p" 
(aa) v=őt+1,  b=t(5t+2), r=6t, k=5, A=4 
when 5t+1lis a prime power p“ 
(B4) v-2(Bt--2), bz(20--1)(8t--2), r=4t+2, k=4, A=2 
when 2¢+1 is a prime power p" 
(Bg) v=10t+6, b=(6t+2)QE+1), r-6L42, k=5, A-2 
-when 2¢+1 is & prime power p" | 
(uu), v=4(BE+2), b= (BEF2)(INA+7), r=12t+7, k=4, A-8 
when (i) 12t+7 is a prime power p^ ; (ii) æ being a primitive element 


of GF(p") and 2*!:'*? —1—z*, u is prime to 2¢+1. 


a 


The necessary definitions, together with the two fundamental 
theorems of the ‘ method^of symmetrically repeated differences’ are 
reproduced (without proof) from my paper already referred to, in §1. 
The series (a1), (ag), (ag), (a4) are studied in $2, the series (Bi), (89) 
in §8, and the series (yı) in $4, together with the following design "- 


7:10, 52:18, r=9;k=5, A4 


NEW SBRIES OF BALANCED INCOMPLETE BLOCK DESIGNS 19 


ea “Ifa and b are any two elements of & modul, there exists a 
unique élément x satisfying at+a=b. Then we may write z=b—a 
and call z the difference of banda, O-—ais written as —a. 

^" Colisider á modul M, contajning exactly n elements. To each 
élément of the modul let there correspond exactly m varieties, the 
varieties corresponding to the element u being denoted by u}, 
ug, +++) Um. Thus there are exactly mn varieties. Varieties denoted 
by symbols with the same lower suffix j may be said to belong to 
. the jth olass. 


Let a block contain Nam tng t.t ny varieties, the number 
of varieties of the ith class contained in the block being n,. Let the 


varieties of the ith class contained in the block be a) a (2) oe alts) ; 
and the varieties of the jth class contained in the block be 


KD VO om. 


where al) al?) ud ae) ; pg p) "em p(t.) are elements of M. 


The n,(n, —1) differences a —a(?9(u, v1, 2, ...,n,; u0) may 
be called pure differences of the type [i, i] arising from the block. 
Again, the n, n, differences a —b(?(u- 1, 2, ..., n;, v=, 2, ..., nj) 
may be called mixed differences of the type [i, j] arising from the 
block, Clearly there are m different types of pure differences and 
m(m — 1) types of mixed differences. 


As an. example let our modul consist. of residue classes (mod. 18). 
To every element u of the modul let there correspond 5 varieties 
tj, Ug, Ug, U4, Us. Consider the block (0,, 6g, 8g, 15, 125) so that 

ny =1, ng=2; ng=0, ng=0, hs = 2. Pure differences of the type 
[2,.2] arising from this block are 5~8=10 and 8—5=8. Pure 
differences of the type [5, 5] arising from here are 1—12=2, 
12—1-11. The other three types of pure differences do not arise. 
Again, the mixed differences of the type [1, 2] arising from this 
block are 0-5=8, 0-8=5 mixed differences of the type [2,-1]. are 
5-O= 5, 8— 0—8, mixed differences of the type [1, 5] are 0—1-12, 
0—12-1, mixed differences of the type [5, 1] are 1—0—1, 12-0=12, 
mixed differences of the type [2, 5] are 5-1=4, 5-12=6, 8-1=7, 
8—12=9, and finally the mixed differences of the type [5, 2] are 
1—529,1—8-0, 12-—5=7, 12—8--4. 
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In the particular case when m=1, to-every element u of ihe modul 
there corresponds just one variety, which may be denoted by u 
itself. In this case we do not have to distinguish between differences 
of various types, and can simply spesk of the differences arising 
from a block. For example, let there be 19 varieties corresponding 
to the elements of the modul of residue classes (mod. 19). Then there 
arise 12 differences from the block (0, 1, 2, 8), viz., 0—1-—18, 
0—22z17,0—8z11,1—0-1,1—2-—18, 1-8=12, 2-0=2, 2-1=1, 
2-8=18,8-0=8, 8-1=7, 8-256. . 


2. Returning now to the general case, let us consider a set of t 
bloeks satisfying the following conditions: 


(i) Ifn,, denotes the number of varieties of ith class in ‘the 
Ith block, then among the 


nyni I) Ania Mig l) +...+7, (n, — 1) 


pure differences of the type [i, i] arising from the t blocks, every 
non-zero element of M is repeated exactly A times (independently 
of 1). 

(i) Among the n,j,n,;- -n,9n,3-...tn»,,^,, mixed differences 
of the type [i, į] arising from the t blocks, every element of M is 
repeated exactly A times (independently of i and j). 


When these conditions are satisfied, we say that in the t blocks, 
the differences are symmetrically repeated, each occurring A times. 


Consider the modul of residue classes (mod. 5), and to every 
element u of the modul, let there correspond just 2 varieties 
u, and ug. It is then easy to verify that the differences arising from 
the set of 6 blocks (Og, Le, 29), (11, 41, 0g), (21. 81, Og), (11, 4), 2g), 
(21, 81, 2g), (01, 05, 2g) are symmetrically repeated, for among the 
pure differences of the type [1, 1] or [2, 2] each of the elements 
1, 2, 8, 4 occurs twice, and among the mixed differences of the type 
[1, 2] or [2, 1] each of the elements 0, 1, 2, 8, 4 occurs twice. 


Again consider the modul of residue classes (mod. 11) and to each 
element of the modul let there correspond exactly one variety. 
Then the blocks (0, 1, 8, 7), (0, 1, 8, 9) and (0, 1, 5) yield 
12+12+6=30 differences. It is easy to verify that in these 80 
differences each of the elements 1, 2, ..., 10, comes exactly thrice. 
Hence the differences are symmetrically, repeated, each occurring 
3 times. l 


-~ 
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9. Theorem I. Let M be a modul containing the n elements 
e aO gQ gD, 


To any element x“ let there correspond m varieties " VEU „aW, 
Let it be possible to find a set of t blocks Bi» Bg, ..., B, satisfying 
the following conditions : | 


(i) Every block contains exactly k varieties (the vüristies con- 
tained in the same block being different from one another). 

(it) Among the ht varieties ocourring in the t blocks, exactly r 
varieties belong to each of the m classes. (It is clearly necessary 

that kt= mr.) 

(iii) The differences arising from the t blocks are symmetrically 
repeated, each occurring A times. 

If 0 be any element of M. then from each block B, (!=1, 2, ..., t) 
we can form another block Bie by teking, corresponding to every 
variety z(? of the ith class in B,, the variety z," of the ith class 
in Bis , where z= 8. Then the nt blocks 


Bie (121,2, ... t; =g, a, ..., ger) 
provide us with & balanced incomplete block design with parameters 
vmn, bnt, r, E, X. 


Theorem II. Let M. be a modul containing the n elements 


ý pes LA Āna N 
go, gil of?) | ere ga, \ V (PRP: ES 


To any element af, let there correspond the m varieties zi"), 
ai, ..., eS? (i=0, 1, ..., n—1) and to these mn varieties let there 
be adjoined a new variety oo. Let it be ccu to find a set of ps 
blocks Bi, Bg, .., Ba; B’,, B's, ..., B, satisfying e^ 3 
conditions : Se ERY 3 

(i) Hach of the blocks B,, Bg, ..., B, contains exactly - the 
varieties z(*9, while each of the blocks B/,, B'a, ..., B’, contains 
the adjoined variety oo, and exactly k—1 of the varieties z&" (the 
varieties contained in the same block being different from one another). 

(i) Among the kt varieties z{"’ occurring in the blocks B4, 
Bs, ..., B, exactly ns —Aà varieties should. belong. to each of the m 
classes; while among the s(k —1)'varieties z(" occurring in the blocks 
Bh, B's, .., B/, exactly A varieties should. belong to each of 
the m classes. [It is clearly necessary that kt=m(ns—A) and 
(k—1)8— mA]. 
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(ut) ‘The differences arising from the s+? blocks Bj, Ba ..., B,; 
B", B's, ..., B", whero the blocks B", are obtained from B’, by 
M out ilis adjoined variety oo are symmetrically repeated, each 
CPAU TE à times. 


Tf 0 be any element of M, dien from each block B, (or B’,) we, 
can form another block Bi, (or B’pe) by taking, corresponding to 
every variety «\” in B, (or B’,), & variety a(? in Bie (or Bye), 
where 2? =g 4+0 (and in the case of B'p, completing ıt by the 
adjunction of oo). Then the n(s+t) blocks Bi,» and B'p o (l=1, 
2, ..,1; p=l, 2, ..., 8); 0—a 0, xD, 1... æD provide us with a 
balanced incomplete block design with parameters v=mn+1, 
b=n(8 +t), rona, k, À. 


§ 2 


1. Consider first the series (o) given by 
v=6t+1, b=t(6t+1), r=4t, k= 4, A=2. .. (2.10) 


Suppose 6¢+1=p" where p i8 a prime. To each element of GI'(p") 
let there correspond one variety, then (he varieties are 


0,29, 2, 22, .., en! ic ABO) 
where x is & primitive element ot GF(p"). Then 
6l =], 23: = —1, æ?! E 1c, zx (2.12) 
Take £ initial blocks given by | 
(0 at ott gtt) i0, 1,2, ss tol so gu 42548) 
The differences arising from the first initial block are 
$n, ta?! tatt, 4+ (oe?! 21), 4 2?! (32* —1), + (2?! — 1)(z?* +1). (2.14) 


Setting z?'—1-z? and using (2.12), these can be written (after 
re-arrangement) 
z9, x‘, gat gs, git, ot " (2.15) 


a + + z 
v ra r5 fom 2t etal qu Bi gute. 
The differences due to the other initial blocks are obtained from 


(2.15) by multiplying with z, 2?,...,2‘~4. Clearly every non-zero 
element of GF(p") is repeated twice. 
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Hence by Theorem I the complete design corresponding to (2.10) 
can be developed from the initial blocks (2.18) by adding the elements 
of GF(p*), the initial blocks themselves corresponding to the 
element 0. 


Hr, (i). Let t=8, Thenv=19, b=67, r=12, k=4, A=]. A 
primitive element of GF(19) is 2. Hence the three initial blocks 
are (0, 1, 7, 11), (0, 2, 14, 8), (0, 4, 9, 6), the other blocks being 
obtdinable from these by adding the numbers O, 1, 2, 8, ..., 18, and 
taking residues (mod. 19). 


Ez. (). Let £—4. Then 0225, b= 100, r=16, k=4,A=2. The 
initial blocks are now 


(0, 2°, 28, 219), (0, v, 29, w!7), (0, z?, 2!9, x18), (0, 23, x1! , 216). 


Taking ihe minimum: function z9--2z--8 for generating GE(52), 
these can be written as ' 


(0, 1, 4z 1, z-- 8), (0, z, 8z-- 8, 2+2), (0, 82 - 2, 2x -- 1, 2), 
: (0, z 4-1, 2x 4- 4, 22). 


The complete -solution is obtained from these by adding the poly- 
nomials az+b (a, b=0, 1, 2, 8, 4) and reducing the co-efficients 
(mod. 5). 

2. Let us now consider the series (ag) given by 

oo v=4t +1, b= (ET), 0-40, k=4, A=8. .. (2.20) 


Suppose 4t+1=p" where p is a prime. To cach element of GF(p") 
let there correspond one variety, then the varieties are 


0, 29, 2, 23, 23, ..., g4- o. (2.21) 
where v is a primitive element of GF(p"). 
Then tte], z?! =], .. (2 22) 
Take ¢ initial blocks’ given by 
(sí, wlth gtit: 231*1) 150, 1,9, ..., t-1.. .... (2.38) 
The differences arising from the first initial block are  - 
k(z'—1) Xz'(z'—1) tz9'(z'—1), t(1—2?!), 
xí(x9'-—1), xz'(z3!—1). wa (2.24) 
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Setting xz! —1-z",and z?!'^7!—z* and remembering (2.22) these 
after rearrangement can be written as 


zt. putt gutat. peti 


x, putt get ei purse f° (2.25) 


v v+ t2 t3! 
oY, mtt fug t4 queat 


The differences due to the other initial blocks are obtained from 
(2.25) by multiplying with æ, z2,..., z'^!. Clearly every non-zero 
element of GF(p*) is repeated thrice among the differences. 

Hence from Theorem I the complete design corresponding to (2.20) 
can be developed from the initial blocks (2.28) by adding the elements 
(2.21). 

Ez. (i). Let t=2. Then v=9, b=18, r=8, k=4, A=8. This is 
design No. 11 of Fisher and Yates'? table (Statistical Tables, table 
No. XVII). 

The initial blocks are (1, z?, z4, xô), (z, x3, z5, £7) where x is 
a primitive element of GF(8?). Taking the minimum function 
2*+2+2 for generating this field, the initial blocks can be written 


(1, 2z-- 1, 2, 1+2), (x, 274-9, 2v, x+ 1). 


The complete solution can be developed from these by adding the 
polynomials az + b (a, b —0, 1, 2) and reducing the co-efficients (mod. 8). 
Another solution for this design will be found in my.paper? referred 
to before ($7.6, Ez. (i), p. 890), where it bas been derived by the 
method of block intersection from the solution for symmetrical design 


v=b=19, r=k=7, A=4. 


Ka. (ti), Lett=4. Then v=17, 6=68, r=16, k=4, A=38. A 
primitive element of GI°(17) is 8. Hence the initial blocks are 


(1, 18, 16, 4), (8, 5, 14, 12), (9, 15, 8, 2), (10, 11, 7, 6), 


the other blocks being obtained from these by adding the numbers 
1, 2, 8, ..., 16 and taking residues (mod. 17). 


Consider now the series (as) given by 


v=10t+1, b=t(10t+1), 7551, k—6, A=2 .... (9.80) 
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Suppose 10¢+1=p* where p is & prime. To each element of 
GF(p*) let there correspond one variety. Then the varieties are 


0, 29, x, 2%, .., elor—t ve (2.81) 


where æ is a primitive element of GF (p"). 
Then | pgl0!-1, gta] .. (2.82) 
Take £t initial blocks given by 
(æt, m2 5*f, mtiti giti 486080) 150,1, 2, ... t—1. ...(2.88) 


Setting x?! —1—2* and z*/ —1=zx", and proceeding as before the 
20 differences arising from the first initial block can be written 


“tit grtt;  k=0,1, 2, a 9. .. (2,84) 


Since the other differences are obtained from these by multiplying 
with z, z?, ..., z/ ^1, clearly every non-zero element of GE(p*) occurs 
twice among the differences. Hence from Theorem I the complete 
design corresponding to (2.80) can be developed from the initial 
blocks (2.82). 

Ex. (Öğ. Let t=1. Then v=11, b=11, r=5, k=5, A=2. A 
primitive element of GF(11) is 2. There is one initial block namely 


(1, 4, 5, 9, 8). 


the other blocks being obtained from: this by adding the numbers 
1, 2, 8, ..., 10 and taking residues (mod. 11). This solution happens to 
be the same as that given in my paper !* (§7.1, Ex. (i), p, 890), but 
there this design occurs as a member of another series, viz., 


vo=b=4t+1, r=k=2t, Ast, 
Be, (ii). Lett=8. Then v—81, b=98, r=15, k—5,A-2. A 
primitive element of GF(81) is 39. Hence the initial blocks are 
. (1, 16, 8, 4, 2), (8, 17, 24, 12, 6), (9, 20, 10, 5, 18), 
the other blocks being obtained from these by adding the numbers 


1, 2, 8, ...,80 and taking residues (mod. 81). 
.4. Next let us consider the series («4) given by 
v=5t+1, bz t(bt-- 1), r= bt, k=5,-A=4. .. (9.40) 


Let 5t+1=p" where p is the power of a prime, To each element of 
GF(p*) let there correspond one variety. 
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Then the varieties are 
0, 2°, a, 23, ..., 25571 wee (2.41) 
where c is a primitive element of GF(p*) and consequently 2°‘ =1, 
Taking the ¢ initial blocks 
(nt. m ttt et giere pitt) eee p 3 cy t9 o (3:49) 


it ean be proved, as in the cases already considered, that among the 
differences arising from these initial biocks each non-zero element of 
GF(p") is repeated four times. Hence from Theorem I the complete 
design corresponding to (2.40) can be developed from these initial 
blocks. i 


Ev. (0. Lett=38. Then v=16, b=48, r=15, k=5, A=4. 


e 


The initial blocks are 
(1, ze. ae ee yil 2), (z, gi at gid et 3) (29, £7, r8, gll, £14) 


where x is a primitive element of GFE(p"). Taking the minimum 
function z*-- 2? +1 for generating GE(22), these can be written as 


(1, z3, 23-22 tet, 2? +1, z € 1), (m, 29 - 1, 29 -- m1, x9 m, z? +r), 
(£2, xz? teti, c? +r? +g, 2? - c2 4-1, 23 +22), 


The complete solution can be written down from these by adding 
the polynomials av’ -+bx?-+cx-+d (a, b, c, d=0, 1) and reducing the 
coefficients (mod. 2). 


$8 
1. We shall now consider the series (8,) given by 
v=2(8t +2), b=(2t+1) (Bt+2),r=4t+2, ke4, A=2. ... (8.10) 


Suppose that t, >2and 2t+1=p* where p is a prime. All the 
elements of GF(p*) are given by 


0, 29, z, z3, ..., 22! -1 a. (8.11) 
and etl], g' = =I, .. (0.12) 


To any element u of GF(p"), let there correspond 8 verieties t, 
Ug, ug to which let us adjoin the new variety oo, giving 6t+ 
varieties in all, 2s 
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to 


Consider the 8t initial blocks 


(zi, eft! 2$**, c5****) i=0, 1, 2,...1-1 .. (8.180) 
(xg, sátt, apt’, wgtst*) i=0, 1, 2,...£—-1 .. (8.181) 


r 


(oh, af", aq nq) i=0, 1,2, 4-1 — us (8.182) 
where ois a fixed integer (1 zz a < t—1) together with the 2initial 
bloeks i . 

(oco, 01, 05, 03), (oo, 01; Og, 03). eee (8.184) 
_ The pure differences of the type [1, 1] arise only from the initial 
blocks occurring in (8.120) and (8.122). We thus get the following 
pure differences of the type [1,1] - 
eit quite i=0, 1, 2,...,¢-1° a... (8.14) 
where 2'—1-zz?. Using (8.12) we see that among the pure differences 
of the type [1, 1] every non-zero element of GF (p") ocours just once. 
A similar result holds for pure differences of the types [2, 2] and [8,3]. 
Mixed differences of the type [2,1] arise only from the initial 
blocks (8.180) and (8.184). The former leads to the following 
differences of this type 
&'(z*—1),2'(z* -1),2'*'(z*—1), 2! *'(2* +1), (i=0,1,2, ...,4—1)...(8.15) 
which can be written as 
piti htm giti: et (aug 1,2....,¢—1) .. (8.10) 
among which clearly every non-zero element of GF(p") is repeated 
exactly twice. Also the blocks (8.184) give the mixed difference 0 
of the type [2, 1], twice. Thus our initial blocks give every -mixed 
differences of the type [2, 1] twice. A similar result holds for mixed 
differences of other types. 
Thus the condition (i4) of Theorem II is satisfied. The conditions 
(i) and (i) are obviously satisfied. Hence the complete design corres- 
ponding to (8.10) can be developed from ‘the ‘initial blocks (8.180) to 
(8.184) by adding the elements of GI'(p"), oo and the suffixes 
remainiag invariant. 
Ea. (i). Let t=8. Then v=22; b=77, r=14, k=4, A=2. A 
primitive element of GF(7)is 8. The initial blocks are . . 
(11, 61; 22; ba), (21,.5; fo, 99), (4, 9n lg, Bg) 
(1o, 6g, 25, 5g), (25, 5g, 45, 83), (42; 8o, 13, 63) 
(La, Ós, 21, 51), (25, 0g, 41, 81), (43; Bs, lj 61) 
(ox, 01, Og, 0g), (oo, 0,, Oo; 03), 


the other blocks being obtainable from these by adding the numbers 
1, 2, ...,6 and taking residues (mod, 7), .co and the suffixes remaining 


invariant, 
2. Let us now consider the series (£a) given by 
y=10t+5, bz (5t--2) Qt+1), 0260-2, k=5, A—2. ... (8°20) 
Suppose t > 2 and 2t+1l=p" where p is a prime. All the elements 
of GF(p") are given by 
0, z9, x, z2,..., z2!-1 .. (8.21) 
and gèt =], xf =- ]. .. (8.22) 


To any element u.of GF(p*), let there correspond 5 varieties 
Uy, Ug, Ug, Ugs Ug. Consider the 5t initial blocks given by 


Chai ee ae 0) C30 losa f .. (8.281) 
(o) ort, wiht 207011. 0). $50. 1, tel .. (8.282) 
(wi. mitt, afte, attet! 0.) d90,1.4t-1  .. (8.288) 
(51,21 5,510 ere Oe) AS Oe lost .. (8.284) 
(wf, citt, ægte, 21 ***', 04) i=0.1,..,t-1 — ... (8.985) 


where a is a fixed integer (1 zz a zz t—1), together with the 2 initial 
blocks 
(0, Og, 05, 04, 05), (01, Og, Og, 04, O5). ... (8.280) 
It is readily proved as before that the differences are symmetrically 
reapeated each difference occurring twice. Thus the condition (tit) 
of Theorem I is satisfied. As the conditions (2) and (ii) are obviously 
satisfied, the complete design corresponding to (8.20) can be developed 
from the initial blocks (8.281)— (8.286) by adding the elements of 
GF (p"), the suffixes remaining invariant. 
Hz, (i). Let t=8. Thenv=385, b—119, r=15, k=5, A=2. A 
primitive element of GF(7) is 8. The initial blocks are 
(11, 61, 23. Ds, Og), (2, 5y, 45, Bg, Og), (4,, 91 1s, 65, Og) 
(15, 6a, 24 0,, 03), (25; 9o; Ag, Bs, 03), (4g, Og, l4 64, 03) 
(15, s, 25, 95; 04), (25, bs, 45, 95; 04); (45, 95, ls, 05, 04) 
(14, 64, 21, 5), 05), (24, 64, 41, 84, 05), (44, Bar 11, 61, 05) 
(15, 65, 29, 99, 01), (25, 55, 4, Bg, 01); (45, 85, 1g, 65, 01) 
(04, Og, 05, 0,4, 05); (01, Og, Os, 0,, 05), 
the other blocks being obtainable from these by adding the numbers 
1, 2, ..., 6 and taking residues (mod. 7), the suffixes remaining invariant. 
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§ 4 " 
1. Consider the series (y,) given by 
v —4(8t 4-2), b= (8t-- 2) (1264-7), r=12t+7, k=4, A —8. ... (4.10) 


Suppose that 12£-- 7 p^ where p is a prime. The elements of GF (p") 
are j 
' 0, x9, z, 22,..., 21231 *5 2. (4.11) 


where z is & primitive element of GF(p*). We haye 


q121*6—], g6!5*3 —], 255,*9..1—523!*1 ae (4.12) 


To every element of GF(p") let there correspond one variety, and 
to these let us adjoin the variety oo. We thus get 12f+8 varieties 
in all. 0 

. The 12t +6 non-zero elements of GE(p") can be divided into 2t+1 
sets Bo, 8S,,..., Bg, each containing 6 elements, BS, being given by 


x, gett art getter 
s=| ! | eee (4.18) 


gitti gobi sta g10:55t: 


We may define S, by (4.13) for any integral value of i. It is then 
readily seen that B, =8, when and only when 


j=i (mod. 2t -- 1), . (4.14) 
Let us set (o gti*9—1c-rz", .. (4.15) 
We shall assume that u is prime to 2t+1. Then the sets Bo, Su, 
Bom «o Boru are all different, and taken together give all.the non-zero 
elements of GF(p"). 
The 12 differences arising from the block 
B, (0, xt, gti +ati gS 6t f) E (4.10) 


are given by B, and B,,,. Ibis also clear that B,=B, when and 
only when 


j=} (mod, 4t 4 2), 


Now let us take the following set of initial blocks 
(i) The 2¢+1 blocks By, B,, Be, ... Bg, (ii) the t blocks Bu, Bg,, .. 
Ba-i. (Hi) the block: (00, 227°", gttt3r2iw, gb erersiny (4,17) 
Every non-zero element of GF(p") occurs twice among the 
differences arising from the blocks (t). The differences arising from 
the blooks (ii) are all the non-zero elements-of GF(p") except the six 
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elements of the set Sg. But these six elements just constitute 
the differences arising from the block (ii). Hence among the 
differences arising from our initial blocks every non-zero eiement of 
GF(p") occurs thrice. The other conditions of Theorem II are also 
satisfied. Hence the given initial blocks lead to a solution of the 
design corresponding to (4.10); [when our assumptions are satisfied, 
namely 12t+7=p" and u is prime to 2t+1, where u is given by (4.15)]. 

Ez. (0. Let t=0. Then v-8. b—14, r=7, k=4,A=8. A pri- 
mitive element of GF (7) is 2. "The initial blocks are 

(co, 1, 4, 2), (0, 1, 4, 2), 

the other blocks being obtained from these by adding the numbers 
1, 9,..., 6 and taking residues (mod. 7). This is the design No. 6 
of Fisher and Yates’? table. Another solution will be found in my 
paper! ($ 7.5, Ex (iv), p. 895), where if has been derived by the 
method of bloek section. 

Ex. (ii), Let t=1. Then v=20, 6=95, r=19, kz4, A=8. A 
primitive element of GF (19) is 2. Now 


268—1—6-221* (mod. 19). 


Since u—14 is prime io 2£4-1-8, a solution is possible. The initial 
blocks are 

(0. 1, 7, 11), (0, 2, 14, 9), (0, 4, 9, 0), (0, 4, 9, 6), (co, 16, 17, 5), 
the other blocks being obtained from these by adding the numbers 
1, 2, 8, ..., 18 and taking residues (mod. 19), oo remaining invariant. 

Ea, (i). Let t=2. Then v=82, b—248, r=81, k—4,A—8. A 
primitive element of GF (81) is 3, Now 

910—1—24—8!? (mod. 81). 


Since 18 is prime to 5, & solution can be obtained. 


2. A solution for the design 
v—10,,5—18, r9, k=5, A —4 .. (4.20) 


is suggested by Ex. (i) of the previous paragraph. 

To each element of GF (. #) let there correspond just one variety, 
and to these let us adjoin a new variety oo, so that we get 10 varieties 
in all. Let z be a primitive element of GF(B?) Then all the 
elements are 

OE ae a E 
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Take the two initial blocks 
(co, z9, x2, xt, x8), (0, 2°, 23, wt, 28) .. (4.21) 


It can be readily verified that all conditions of Theorem II are satisfied, 
Using the minimum function z?--z--2 for generating GF (8?) the 
blook (4.21) can be written as 


(oo, 1, 2a+1, 2, 24-2), (0, 1, 2z--1,2, 2+2). — ... (4.22) 


The eomplete solution can be generated from these by adding the 
polynomials az+b (a, b=0, 1, 2) and reducing the coefficients (mod. 8). 

This is the design. No. 16 of Fisher and Yates’? table, Another 
solution will be found in my paper ! (8 7.5, Ha. (v), p. 895). . 
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SOME THEOREMS OF ALGEBRAIC FUNCTION FIELDS OF 
ONE VARIABLE 


By 
P. RATHNAM 


(Communicated by Dr. F. W. Levi) 


Throughout this paper use the following algebraic function field K. 
Take any arbitrary field k with characteristic prime number p or 
zero. Let æ be transcendental over k and yi, ..., y, be finite 
algebraic extension over k(z) so that 


K-k(z, y1, ... Yr). 


Without loss of generality k can be taken as constant field of K. 
If C is any divisor of K, then denote the aggregate set of multiples 


of & by M(C) It is then a k-module. Again the module M(C) 


has a finite rank over k, which is denoted by l(C). Also denote by 
n(C) the absolute degree of the divisor C. With these notations one 
can write Behmidi's! equation for Riemann-Roch theorem for any 
algebraic function field K and with any arbitrary constant field k as 
the ground field, and for any arbitrary divisor C of K us 
(C) =1(c) --m(C) -1—g 

where c isa divisorof K, almost complementary to the divisor C 
such that 


Co =H*.H, 
H* is the canonical divisor of K. It is known that 
n(H*)—-2g—2 and I(H*)=g 
where g is the genus of the field K. The terms canonical divisor and 


genus of K are defined by Schmidt in the paper quoted above. 


Again H* is truly the only divisor class of degree 2g —2 whose 
rank is equal to g, and dependent only upon K, and not on the choice 
of the divisors of K. For supposing the existence of a divisor Cy,_. 

* 





of degree 2g — 2 different from H* we have then =C, such that 


Co c—9 
1874P—1 
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n(Co)=0. ‘Therefore 1(Cy)=0. Substituting this result in the 
Riemann-Roch Theorem I (1), we have 


1(Ug,..9)—2g.—2*1—9g79-—1, 


contrary to the definition of the canonical divisor. Hence H* is 
unique. Denote the multiples of M(H*) as ¢-class and the linearly 
independent elements of M(H*) over k'as ¢-functions, in accordance 
with the classica! notation. There are therefore j, .., $5, € 
functions. These functions correspond in the classical case to the 
integrands of the Abelian integrals of the first kind. Any general 
¢-function can be written as 


$70,9,-...ta,0, (a,ck). 
Denoting by Qe, the divisor of $, we have Qe— Gm where 
n(R)=2g—2, since n(Qs) 0, and n 4i =2—2g. The object of this 


paper is to generalise certain theorems of the classical case, concerning 
the ¢-functions. 


Theorem I, 


For the algebraic function field K of genus g>0, produced by 
irreducible algebraic equations, there is no prime divisor P or a 
get of prime divisors of K which is common to all the divisors R in 
the formula Q= As where Qo is the divisor of the ¢-function. 

When k is the field of complex numbers, the theorem is the 
alassical one, namely that there are no. fixed zeroes for the 
¢-functions. 


Proof :— 


Suppose, if possible, there are r prime divisors, in common to all 
prime divisors R of the ¢-functions. Denote these by Pj, ..., P, 
(some of them may even be coincident) and the ¢-functions which 
have these prime divisors as ¢(P, ... P,). The divisor Qe is then 


written as Qu XO et) where R=R, x (P, ... P,), the R48 
then haye no common prime divisors. 


Therefore Qe= —— 
P3 s 


r 
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Hence it follows that these ¢-functions are also functions built 
P. 





„a. P 
on the d ict 
ivisor H 


= The proof consists in showing that the 


supposition that the Rs of the ¢-functions have common prime 

divisors leads to contradiction. This is achieved by the help of the 

established Riemann-Roch theorem for general fields. Choosing 

for the divisor c, the quotient of the divisors H* and the prime 
= = 

divisor P,, the multiples, which can be built on om, are evidently 
l 

the ¢-functions. Therefore 1(c)-g. The divisor C, which is almost 


as * 
complementary to c is given by Ust sep. Substituting these 
ae . 0 
values of C and c in I(1) we have 


UP,)=1 tn(P,). 
Since 1(P,) involves n(P,) +1 multiples, where n(P,) >1, it would 


be possible to construct multiples of the divisor = which form the 
1 


module M(P,). Consider the product M(P,)¢.(P,, ...,P,). The 
elements so formed have no prime divisor P,, and they are 
g-functions. Hence we have ¢-functions with common prime 
divisors independent of P,. This leads to contradiction of the supposi- - 


tion already made about them. 


Corollary : — 

Tf K has genus g > 0, and if P is any prime divisor of K, with 
absolute degree unity, there does nob exist element yek with valuation 
vp(n)=— 1 at P and zero everywhere else. 

Proof :— 

Suppose there exists a prime divisor P of K with n(p)=1 and 
suppose it were possible to find an element yek with valuation —1 
at P and zero everywhere else. Then 

G , tb, (a, and b , ek) 
is also an element satisfying the given conditions and the rank of 
the multiples of = is U(p)=2. Substituting this in I(1) we get I() =g, 
where the almost complementary divisor is C= =. We see then the 
-functions have one fixed prime divisor P, contrary to Theorem I. 
Hence functions 7 with the preseribed conditions in the corollary do 


nob exist. 
The following is the generalisation of Brill and Noether’s theorem 
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of Reciprocity. Suppose the formal product of the divisor R of the 
-function consists of two sets of prime divisors 


b (Qi, ELE Q,); (R4, tony R,). 
We denote by Q’, the formal product of the first set of prime divisors 
and by R’, that of the second set. 


Then, n(B) =n(Q!) +n(R!) = 2g —2. 2. di) 
Denote by 
C, B*, Q' 
c = H* -R7 
H* is the canonical divisor of K. 
Theorem II, 


2[10,) -0)] = [n 7 (Q5)]. 
Proof : — 


To prove this well-known resulb we use a slightly different form 
of the Riemann-Roch theorem. 


From I(1) we have, UC)=l(c)+n(C)+1-g., .. IQ) 
Changing C to c we have, | l(c) -1(C) - n(c) - 1— g. .. 1I(8) 
Subtracting I1(8) from II(2), and using the result II(1) 

we have (C) —4n(CO) =1(c) ^ n(o). 


This therefore is the new form of the theorem I(1). Consider now 
the two divisors C, — H*.Q', and c, 2 H*.R/ where Q' and R’ are 
as defined before. We notice that C, and c, are almost comple- 
mentary, 
for n(C,¢,)=n(H*). 

Applying the equation II(4) for these divisors, we have 


(O4) —$n(C1) =1(c,) ^ 3n(0). 
But 1(01)- n(H*) - n(Q/) 


and n(c4) —n(H*) 4 n(R/). 

Hence substituting these values in the preceding equation we 
have the generalisation of Bnll and Noether’s theorem in the form, 
given above. 
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PRESIDENTIAL ADDRESS AT THE ANNUAL GENERAL 
MEETING OF THE CALCUTTA MATHEMATICAL 
SOCIETY, JANUARY, 1942 


Bv 
E. W. Levi 


One of the most interesting changes Mathematics has undergone 
in the last 50 years, is the development of a new branch, Topology. 
In addressing this society to-day, I want to make a few remarks 
characterising Topology and its importance in mathematics. 

-It is not feasible to answer the question: ‘What is topology” 
simply by a definition. A definition of this kind could hardly do full 
justice to the meaning of the notion ''topology." It is a similar 
thing with “Mathematics.” No definition of mathematics has 
been found to bo satisfactory; if one would be it to-day, it won't be 
80 to-morrow! ‘There is no such thing as & space K of all possible 
knowledge in which a well-determined area M, can be filled by the 
mathematicians with actual knowledge such that the masses of ideas 
accumulated in M from the mathematics of a certain period. No, the 
assumption of an empty space K is not a helpful scheme on which a 
description of the development of science could be based, the potential 
knowledge depends on the actual knowledge; the problems with 
which future mathematicians will deal may lie far outside our own 
considerations and they might not be of any interestto us. The 
metaphor “‘space’’ for the entity of all possible knowledge fits 
better if one thinks in terms of theory of relativity, where the 
geometrical properties of the space depend on the material which is 
to be found there. For this reason one cannot define what is 
mathematics, nor what is topology, one can only describe what it was 
in the past, and what itis to-day. 

The geometers of the early 19th century were fully justified to be 
very thankful for-the assistance which they got from algebra and 
analysis; nevertheless they felt uneasy. Those foreign methods were 
very efficient and successful, but it was not their own job, it was not 
‘ Geometry "| There is no place for sentimental feeling in the 
development of science; what is out of date, has to give way to more 
powerful methods whether one likes it or not but one must ask himself 
whether the old-fashioned pure geometry was really out of date, 
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whether there was nothing in ib worth to be conserved and to_be 
cultivated for the good of future development. Did not the analytic 
methods over-emphasise the importance of measurable quantities 
and unduly subordinate the properties of situation ? Already Leibnitz 
has occasionally felt the importance of a method to deal with the 
properties of situation, and he proposed to have it developed parallel 
to the geometry of magnitude, but nearly nothing was done in this 
direction, There existed some geometrical problems reaching as far 
back as to Euler which had nothing to do with olassical geometry 
of magnitude, and which could be solved by rigorous but unorthodox 
considerations. The number of those problems was increased during 
the early 19th century, and Mobius made the striking discovery of 
one-sided surfaces. However, the '' geometry of situation’’ of that 
time would have been a collection of curiosa and paradoxa only—if 
collected at all. The first attempt of a systematic investigation was 
made by Listing in 1847. He styled his papers (in English translation) 
‘Preparatory studies for topology,” and '' Census of spatial entities.”’ 
These titles show sufficiently that the author was well aware of the 
preparatory character of his attempts, One must feel thankful to 
Listing for having tried a great thing which was neglected by 
mathematicians of a much higher standard, and it is worth noticing 
that the attempt—though not very successful—was made in the right 
direction, Some years later Riemann introduced*topological surfaces 
into the theory of complex functions. By this auxiliary notion: he 
succeeded in make the notion of complex function tally with the 
general notion of function in analysis. Thus the first important 
application of topology was performed before topology even existed 
as & well-founded science. The consequences of Riemann’s discovery 
are very far-reaching, but it is not the right place to discuss them. 
I must mention only that many problems on theory of functions of 
one or more variables became now split into two portions, the first 
one concerned the existence of certain topological manifolds and the 
second one of a more analytic and function-theoretical character. No 
wonder that it was felt necessary to investigate the topological mani- 
folds, and—preliminary to that—to define properly the fundamental 
notions of topology. This work was done chiefly by Betti and Henri 
Poincaré. The latter mathematician started his work at the very 
end of the 19th century and continued it for about & decade. The 
topological entities were defined in an abstract manner as composed 
by cells of 0,1, ..., dimensions, which are interconnected by an 
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incidence-relation satisfying a certain set of axioms. But besides this 
abstract combinatorial topology, a second method, the so-called 
' méthode mixte," was used, where the ‘‘ cells’’ are, so to say, 
distorted n-dimensional intervals. In both the purely combinatorial 
theory as well as the “méthode mixte," much progress has been 
made up to the present time. 


But let us return now to the work of the geometers who revolted 
against the preponderance of analytic methods. These mathematicians 
tried to build up a geometry of situation on quite a different basis. 
The most important properties of situation, they considered, were 
the properties of incidence, 6.g., the property of a set of points to be 
collinear or coplanar, the property of lines to be concurrent, eto. 
Obviously the methods of projection and section played the most 
important role. Thus these geometers continued a work which was 
started by painters, sculptors, architects and geometers of the 16th 
century. Their efforts were highly successful—they created projective 
geometry. A rich hafvest seemed to reward their effort, but they had 
to fight for the safety of the content of their barns; they were attacked 
by the followers of the analytic school. Every achievement of pure 
geometry was also accessible by the analytic methods, and sometimes 
it was even more simple or more elegant when represented in analytic 
form. The pure geometers had the advantage of being independent 
of a system of coordinates which was chosen arbitrarily and which is 
certainly a foreign element in geometry. But this foreigner was very 
useful sometimes, and later on vector analysis and similar methods of 
‘‘ direct analysis’’ showed how to avoid the system of coordinates 
when using analytic methods. 


The pure geometers had to fight against two enormous odde—the 
cross-ratios and the complex elements.” The cross-ratio is an arithme- 
tical element in projective geometry which characterises the mutual 
position of elements of a pencil. In a geometry of pure style, the 
properties of situation are expected to be described without the use of 
numbers, or at least the numbers must be defined in & way which does 
not assume any measurement. Moreover the geometrical theories show 
often a splitting into different cases, which can be avoided by intro- 
ducing points and other elements with complex coordinates. These 
elements have no geometrical meaning, thus the house of geometry 
seemed to be haunted by the ghost of the complex numbers; this 
was the feeling of important geometers even in the early 20th century |! 
Of course it is possible to represent the complex elements by suitably 
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chosen real elements, and to interpret the complex operations by real 
ones; it is also possible to introduce the cross-ratios in a way which 
does not assume that any messurement has been done beforehand. 
But all these things are very artificial! We know now-a-days why 
it is so. Hilbert has shown the deep interconnection between parti- 
cular theorems of incidence in projective geometry with particular 
‘ algebraic entities. Desargue’s theorem—e.g., which is a direct conse- 
quence of the axioms of incidence and the 8-dimensionality of space— 
implies the existence of a particular field or skew-field which com- 
pletely characterises the projective structure of the space. For 
ordinary geometry, it is the field of the real numbers, and the smallest 
algebraically closed extension of it is the field of the complex numbers. 
This fact alone shows already that the geometry of situation in the 
sense of the geometers of that period cannot be separated from algebra 
and other calculating theories. Seen from this point of view, the 
pure geometrical movement was a failure, as it was bound to be, which 
the investigations of a later time have shown. This statement does 
not contain any criticism of the high achievements of that school of 
geometers. It is often important and helpful to go a way which does 
not lead to the place which one wants to explore. From the synthetic 
geometry of the 19th century, the geometry of situation which was 
aimed at but not reached, got indirectly much help and advancement, 
as I shall explain now. 


It is difficult to imagine how projective geometry could have 
developed as it did actually in the 19th century had it not been for 
the impulse given by the school of pure geometry. The cultivation and 
the advancement of projective geometry, however, led to a much deep- 
er insight into the structure of the whole of the geometrical science. 
At first, projective geometry showed an enormous unifying force, since 
from a certain point of view every problem of the classical element- 
geometry can be considered as a problem on projective geometry. On 
the other hand, it became evident that the aim of geometry is not 
the investigation of a particular entity, ''the space,’’ but that its task 
is @ much wider one. Even if one restricts the consideration to the 
projective space as the only stage for geometrical events, different 
kinds of geometry have to be distinguished according to the different 
groups of automorphisms of that space. In his ‘‘ Erlanger Pro- 
gramm,” 1870, Felix Klein has given a sketch of those various 
geometries and their interconnection. This topie is supposed to be 
well-known to every mathomatician of our time; thus I have to 
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remind of one item only: As the most extended group of transforma- 
tions to which a ‘‘ geomery ” corresponds, Klein considered the group 
of all the continuous transformations of the space, and the corres- 
pond ing geometry he called Analysis situs or Topology. One uses 
to call it now more precisely ‘‘Continuum-topology’’ | Obviously 
properties of the space which are invariant for all continuous trans- 
formations have nothing to do with magnitude, nor with cross-ratios 
nor with collinearity of pointe, eto; thus '' Continuum-topology ” is 
a pure geometry of situation. It concerns an entity composed of a 
non-enumer&ble infinity of points, and, therefore, it is essentially 
different from the abstract combinatorial topology of Listing and 
Poincaré, which concerns finite or, at most, enumerable '' sets of cells”; 
it ig nearer related to Poincaré’s méthode mixte, but it is still different 
from it. Inthe méthode mixte, the continuously extended cells are 
an expedient only to avoid certain difficulties arising in pure com- 
binatorial topology. However, the continuum topology has to investi- 
gate the very structure of an n-dimensional continuons cell itself. Let 
us briefly review the situation of 1870 when Klein formulated his 
programme: Of the combinatorial Topology only a few interesting 
and paradoxical items were known. Of course Poincaré’s first paper 
on topology was published only in 1899. The attempts of the pure 
geometers for a geometry of situation based on the notion of projection 
still persisted, though they interested a fraction of the mathematicians 
only. The new critica] investigations on the fundamentals of geometry, 
which eventually revealed the very background of the geometria- 
situs movement, had not yet started. Pasch’s book was published 
in 1882, Hilberts's Fundamentals in 1899. The continuum-topology 
was nob much more than the last item of the Erlanger programme. 
This last item was meant obviously for a future time, and not for the 
present. Much work had to be done before continuum-topology could- 
be developed. 

A thorough study of the fundamentals of analysis and of the notion 
of continuity started already in the middle of the 19th century at the 
time of Lejeune-Dirchlet, but the results of these investigations were 
very far from being a common good of the mathematicians. Masters 
of Mathematics like Dirchlet, Weierstrass and Dedekind lectured their 
new ideas to their own students, but they were reluctant to publish 
them in books or papers. Dedekind published his famous pamphlet 
on continuity (Stetigkeit und irrationale Zahlen) only in 1872, though 
these ideas were conceived by him in 1858 already. In 1871 a paper of 
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Heine was published which roused much interest, though its most in- 
teresting topics had already been lectured by Dirchlet 20 years earlier. 
Thus Klein’s Erlanger Programm was issued ata period when the 
new ideas about the nature of continuous manifolds got slowly more 
popular among the mathematicians, but that did not yet trouble the 
geometers who calculated 005: 003=o00%, without having any ides 
that there could be anything wrong with it. 


But a few years later, the theory of sets was initiated by Georg 
Cantor. A huge amount of paradoxical and sensational results came to 
light. Most of the mathematicians did not like them, but it was 
not possible to escape this knowledge in the long run. There are 
continuous curves passing through every point of a square! Now 
what about oo?? The geometers shrugged the shoulders '' There 
must be something about, because the results we are getting on this 
way are correct’’—‘‘Not always ''—'' But sometimes.’’ You see, 
a huge amount of mathematical superstition had to be cleared before 
a construction of continuum-topology was possible. Important results 
came out only in the 20th century. The name of the Dutch mathema- 
tician Brouwer must be mentioned here in the first line. It is impossi- 
ble to give in this address even an oversight of the results obtained 
in continuum-topology up to now. As an example, I shall mention 
the “invariance of dimension’’. The question is whether there exists 
an essential difference between a manifold depending on n-continuous 
parameters, and a manifold depending on n +1 continuous parameters; 
6.9., 18 ib possible to map a segment in a (1, 1) and continuous manner 
on & square? The elements of theory of sets show that a (1, 1) 
representation is possible; by Peano’s curve one sees easily that one 
gets the points of the square as unique valued and continuous function 
ofthe points of an interval, but this example gives no (1, 1)-mapping, 
Brouwer has shown that a mapping of this kind is impossible, that, 
therefore, a segment and a square are topologically different. These 
investigations show, why the naive conclusions of the geometers 
involving oo* led often to correct results. The continuum-topology 
is by now a well-established branch of mathematics; it finds applica- 
tion in all those branches where continuous entities are used. The 
elements of the entity may not necessarily be points, they might, 6.9., 
be transformations of a space or something else. The only essential 
thing is that a particular mapping of that entity on an n-dimensional 
space or portions of it is distinguished. In many cases this restriction 
has been proved to be too narrow. E.g., there exist interesting 
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entities which are continuous but afford an infinity of dimensions for 
a feasible description. In the calculus of variation such entities play 
an important role. The methods of continuum-topology can also be 
applied to such entities. 


Now the question arises: What are the sufficient conditions a set 
must satisfy for that the methods of continuum-topology can be 
applied. This question is obviously too vague to expect a definite 
answer. It depends on whatis meant by '' the methods of continuum- 
topology." If one gives up a portion of the suppositions, one obtains 
a higher degree of generality, but at the same time a portion of the . 
consequences will be lost. The way from continuum-topology to the 
general topology was done by different steps, and each step maintains 
ils own significance. At first, mathematicians considered as & 
‘space’? any set in which a distance-function satisfying certain 
conditions was given; this idea is due to Frechet, Spaces of this 
kind are usually called ‘‘ metric spaces." From these spaces, one 
proceeded to more general ones, in which only the relation between a 
point set and its limiting point is defined. The way in which this 
may be done must satisfy sume system of axioms, but there are 
various essentially different systema of axioms; correspondingly, there 
are different theories, I cannot go here into details. A common 
feature of all these theories is the following: An arbitrary set B is 
underlying the considerations. To this set 8 s ''topology " is 
imposed, i.6., a certain function is defined which completely determines 
what is meant by an open set, & closed set, a limiting point, eto. The 
field of application for this theory is a very wide one; 6.g., one applies 
the most general definition of topology, then the set of all possible 
topologies which can be imposed on any given set S, forms a system 
T (s) which by its very nature is already a topological space. 


This ‘general topology is bound to change completely tha face of 
mathematics. It contains ''continuum-topology " as a particular 
subject. Jt does not contain, the combinatorial topology, though it is 
linked with it by many ties. The latter one has developed more in 
connection with algebra, in particular with theory of groups and theory 
of matrices. The progress of our knowledge concerning geometry 
of situation is due as much to combinatorial topology as to continuum- 
topology. 


In the opinion of the general public, mathematics is a very dull 
thing, a food of thought for the most pedantic type of schoolmaster 
only. I am not in the position to- defend the mathematicians as a 
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caste, since I belong to them myself, but I must confess that, to 
review the development of mathematics, or of a branch of it, even 
during the short period of less than a century, is for me a matter of 
deepest emotion. The progress to new ideas in mathematics is done 
by a ceaseless struggle for a liberation of the spirit. I do not know 
anything which could be compared with it. Whatever may be the 
future order for the human beings on this planet, they may need that, 
in every generation, some people at least will continue this struggle, 
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1. Introduction 


The problem of finding the stresses in an infinite strip due to un 
isolated force acting aft a central point and in the direction of the 
length of the strip was first attempted by E. Melan (1925). The 
complete solution for the more general problem of a force, either 
longitudinal or transverse, acting at any point of the strip was given 
by R. C. J. Howland (1929). The method followed by Howland 
was essentially that of Prof. Filon (1908) who, by using Airy’s stress 
function, had obtained the stresses in an infinite clastic strip due 
to various loads on the edges. Inan earlier paper (Sen, 1088), the 
present author has shown that in many cases including that of a 
semi-infinite plate, the stresses can be directly determined from the 
stress equations and consistency relations without using any stress 
function. Following this direct method, the problem of finding the 
stress distribution due to an isolated couple acting at a point midway 
between the edges of an infinite elastic strip has been considered 
in this paper. The couple assumed is such as could be produced by 
tightening up a nut on a bolt passing through the plate, the plate 
resisting the couple. Itis believed that this problem has not been 
solved by any previous investigator. 


2. Solution of the problem 


We consider an infinite plate of elastic material, isotropic and of 
constant thickness. We take axes of x and y in a plane parallel to 
the faces of the strip of which the edges are given by z=+a (Fig. 1). 
The problem is treated as one of ‘ generalized plane stress,’ that is, 
the stresses considered are means with respect to the thickness. At 
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first we shall consider the elastic plate to be unbounded in all direc- 
tions. Ifon such a plate a couple of moment Q act at the origin 
with its axis normal to the plate, the mean stresses (Love, 1927) due 
to it at any point (x, y) will be given by 


zy 
qaum Áo 
Vm (a? + 2)?’ 


ay ae. Vas © 
TY Em (ay? p 
9-3 z 


- (+y?) e) 


On the edge z=a, we have 


[521], — T | 


(3) 
[291]2-4—5- (03 3-8)9' 
while on the other edge «= — a, these expressions become 
~ 2.2 Qu | 
[ex ] se-a = r(a? + y3)2 , | 
| (8) 
= -Q y?-a? 
[7yy]ee—a az CETHE m 


To nullify the stresses (2) and (8) on the edges we must superpose 


a stress system — Tio, Vs on the atresses given by (1) such that 
on «=a IDEE. x 


[223]... = a agr mhi) 
(4) 
~ _ Q y? — a3 " : 
[Zya] sea = an (ai ys) 7/20) 
and on «= —a 
TOP. “fi (y), 
a= we (5) 
[yo ]en-a=fo(y). 
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The superposed stresses must satisfy the equations of equilibrium 
and the consistency relations. Hence these can be written as* 


9 (95 
8c + 1 (@, y), 





rege ye 
a 2 








LY g 5” 8y t $o(z, y), “ae 46) 
—, 1 
a= Orts chen | 


where ©o(=2%_+¥%q) is a plane harmonic function and $,(z, y) and 
¢o(x, y) are also plane harmonic functions which in virtue of the stress 
equations satisfy the relations 





(7) 





It is apparent from the boundary values f1(3) of TTo and fa(y) of 
i 
jg that $,(z, y) and TZ. should be odd functions in z and y while 


polz; y) and TY g should be even functions in z and y. Hence we 
assume 


p(z, one sinh mz sin my dm, 
ay oa 


$y (T, n= È om cosh mg cos my dm. 
V 0 
Substituting these values into (7) we gët 


1 80$ 2 [B(m) — O(m)]oosh ma sin my din, - 
0 


2 Of 
(9) 
= Ap. =} m[B(m)-C(m)]sinh mz eos my dm. j 


0 


* Vide result (1'6) of the anthor's paper [ Ref. hi 


Results (8) and (9) substituted into (6) give us 


lg = (te \(sinh mz — mz cosh ma) + C(m)mz cosh mz]sin my dm, 
0 | " 


(10) 


ys -J- B(m)mz sinh mz + C(m)(cosh mz + mz sinhmz) ]cos m yd m. | 
0 


Also from (9) we get 


omal [Bm —C(m)|sinh mz sin my dm. we (11) 
From the boundary conditions (4) and (6) we have now 


(ise Ysinh ma — ma cosh ma) + C(m)ma cosh ma]sin my dm — f (y), 
0 





(12) 
fi- B(m)ma sinh ma 4 C(m) cosh ma+ma sinhma |cosmydm = ffy). 
0 ; 
Let us put 
B(m)(sinh ma — ma cosh ma) -- C(m)ma cosh ma= , / Ap, (m), | 
T 
(18) 
— B(m)ma sinh ma + C(m)(cosh ma + ma sinh ma) = Ri 2 T, (m). 
T 
Then we get from (12) 
h= d E (m) sin my dm, 
T 
0 
(14) 
falu) = JJ 2 ram COS my dm. 
™ Jo 
By the well-known ‘ transform theorems’ we have 
E (m)= |] 24 hw 1()8m my dy=— 2 2 Jette 
(15) 


9 2. 
Fo(m)— JU glykos my dy = — 2 23 fius y m iym cos mydy. 
"9 
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By simple contour inteyration we obtain 
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. Hence from (18) and (15) we get 


B(m)(sinh ma — ma cosh ma) + C(m)ma cosh ma = — merna ; 
7 


.. (17) 


— B(m)ma sinh ma + C(m)(eosh ma + ma sinh ma)= + 2 mem, 
T 


These results are satisfied if 


Bim) = — Qm (cosh mae~™4 + ma) 
(m) T sinh 2ma —2ma 
(18) 
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ua " sinh 9ma—29ma ` 


The resultant stresses can now be written as 
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+ a m| {cosh mae"? + ma)mz sinh mz (19) 
7 
0 


; E eos my din 
+ (sinh mae~™4 — ma)(cosh mz -- mz sinh m z) | Micro dur Rit NE 
sinh Zma —2ma 


] 
—, — m a 
yy Vy Fue ~ aaron 
-IA m [ (cosh mae™™s)(sinh ma + mz cosh mz) 
T 


0 


t (sinh mae~"4 — ma)(2sinh mz + mæ cosh mz) | DEDONNON 
sinh 2ma — 2a 


y 
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3 Approximation z 


When m is large, 2 cosh ma ~6™4, 2sinh ma,Ze"^, 2cosh maze", 
2 sinh mz e™* and 2 sinh 2 ma.e2"*. Hence for the region jal<a, 
we find that coefficients of sin my and cos my in the integrals given 
tn (19) and (20) tend exponentially to zero as m tends to infinity. 
This shows that the integrals converge at the upper limit. When 
m tends to zero, it can be easily seen that the integrands tend to 
finite limits. The integrals can be evaluated for given values of 
x and y by the method given by Prof. Filon (1929) in his paper ‘‘On a 
Quadrature Formula for Trigonometric Integrals.” We shall not 
evaluate tbe integrals but shall rest content with -the finding -of 
stresses on the edges. l 


Since zz—0 on the edge =a, we have from (20) 


_ 2Q | "sinh masinmy ap 


[YY] zea = sinh 2ma—2ma 


Putting ma=u and y= ay in the above expression we obtain 


[yy] seg = - 22 Iln) . - (21) 
za i 
= usinhu . 
where I(g- | sinh oí 5, 9D tn du. .. (22) 


The values of I(r) for positive values of y are roughly given by the 
diagram mentioned as Fig. 2. i 
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When » is small, 


^ w? gi 3 * sinh u du x 
Ila = u* sinh u 7°) vtsiohudu -/ o (9 
0) das 2u — 2u dga: , sinh 2u —2u d 
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On calculating by quadratures we have 


» . 
u? sinh u "TC 
pr adi 


e 
ut sinh u u 
Em 

so that for small values of y we obtain approximately 


I(y) =2.82y — 4.144? we (24) 
Again we know that (Carslaw, 1921) 


lim | rss un du= lim uF(u) when F(u)-» 0 as u>% 
0 


I> o U+> 0 

Hence for large values of y we get 
lim I(pz 1 .uBinhu i NC MEE 
ds "n ei Vas 2u — 2u Pae n 8 a 


The values of TI on the other edge x= —a can be similarly obtained. 
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| al 
1. The object of this note is to evaluate an integral — 
four Laguerre functions in the integrand with the help of operntiohat 


f, 


Calculus, I LUROES SS 


2. We starb with formula of Howell (1087) 


LAL, dog, p?—(Atpp+2ru | 
d ea p L | p(p—A—p) n 


where P, is the Legendre’s polynomial and I, the Laguerre eon: 
Putting p= —A in this we get 


BW.) 
La.(Az)L4(—Az)Z- P, ud .. (2.9) 
Now by a theorem in operational Caloulus 


| La (AE) Lu (— AE) Lyn [A(x —£)] Lal -A(z —£)]d£ 
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Using the Adam's formula for the right-hand side of (2.8) and inter- 
preting we have 


| La(AG)La(—ASLalA(e—- £]L4[ Al £)]d£ 

å 2 
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But Howell (1987) has shown that 


cds p 
Lx(Au)LA( Au) i20 (t D? L -l (0) 
Ooa (-1)A3«! TN +241) .. (2.5) 
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Using this in (2.4) we have finally 


( L4G£)L4(- AE)EG[A(2— &)|L«l —À(z—£)]d€ 
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pue Crede anm 
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INFINITE INTEGRALS INVOLVING STRUVE'S 
FUNCTIONS (III) 


Bv 
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The object of this note is to evaluate some infinite integrals 
involving Struve’s Function defined by (Watson, 1922) 


e (—1)* gv taytl 
B (2) = ——___—_______—_—__ . (1) 
"o 9gv**ytl po gT( 4 y4- 8) 
Let ede K, (az)K, (az), (bade, .. (2) 
0 
where R(l* v £A-xk)7 — 1. 


We have 


m y "t 2y41 
idees K (ax)3 es z 
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Eo 4 dz. ... (8) 
o gv*t?Y t1 Dy + B) yt 8) 


Now, the series (1) is uniformly convergent in any arbitrary 
interval of values of æ for R (v) —1. And the function 


i] 
x ions oa) 


is continuous Also, the integral in (2) is absolutely convergent under 
the conditions imposed. Hence, in (8) we may integrate the series 
term by term. Thus 


_ay¥ pvt2y+1 
1-3 (71) b |i, ena 


avt ZYt TTG TG ey 8) Jo 
Now, we know that (Titcohmarsh, 1937). i 
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where R (pt+A+p)>0. 
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Using this formula, we get 
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Thus, we find that 
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a 2 
where R (l+vtA+p)>1. 
This result is capable of yielding several interesting particular cases. 


(i) v2 — 4. 


Using the formula 


H Gef Bin d, 


we get 


4-1 : | 
(- 1K p (az) K (az) Bin ba da 
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where R (LEA Xu) —1. RO 4a: 
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(a) A-—pg,l-2-—2y. 
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(b) A=p-1, l=8— 2u, 
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(c) À-gmd. : 
Using the formula " 
= " -F ' 
K (7) NEZ „e (4) 


and putting l+ 1 for l, £a for a, we get 


fe c^** sin ba de= D y a 
0 





where R()> —1 


For L2 1, this reduces to the familiar formula 
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(it) y=, 


Using the formula 
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and putting 1+4 for l, we get 
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where R(l-À E u)2» — 2. 
(iii) As. 


Using (4) and putting l+ 4 for l, we get 
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where R(l+v+p)>—1. 


If we take u=ġ, we get, on using (4) and putting l+ẹ for l, 
4a fora, 
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where R0 +») >—1. 


This formula has been proved by me (1942) elsewhere. 
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As a particular case, fori=v+2 it becomes 


i v4l l, v+2 
tle stg (bz)dz .,4(25) I'(v-4 2) F ju 
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where R(v) —2. 
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where R(v)>—4, 
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A NOTE ON MESON WAVE 


By 
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1. Though the solution of the differential equation (Courant and 
Hilbert, 1931) 
1 079 
Ga — FPS me a 

V $ c? Bt? i i $ E Anc (a, y, F, t) Sas (1) 
has been known for along time, the equation has recently received 
considerable attention on account of its connection with the meson 
theory. It plays the same part in the theory of meson wave (classical 
analogue) as does the (retarded potential) wave equation, obtained by 
putting k=0 in (1), in the theory of electromagnetic waves. Bhabha 
(1989) in his work on meson theory has given a solution in the form 


; ] Ü us. 
ola, y a, einst zi 69 «thao atn. (2) 


where Uzt—r[c, s? « c?(0—1)* — S (£— a). 


Bose and Kar (19040) have recently given a solution which contains a 
surface integral term in addition to (2), and completely eorresponds to 
Kirchoff's solution of the electromagnetic wave equation. The solution 
(2) shows that the action at z,y.s at time t cannot now strictly be 
regarded as a retarded effect travelling with a constant velocity on 
account of the term involving the second integral from —oo to t. The 
object of this note is to show that equation (1) admits of a trans- 
formation by which the action at a point can be made to appear wholly 
as a purely retarded effect of electromagnetic wave type. 

9. The transfurmaticn in question is the well-known Beltrami 
transformation which we carry through here in detail. We start with 
the equation 





V?6—k26—0 oy. (B) 
of which a solution which is symmerical about the origin is furnished 
by ABE ME 

l tAr 
po ce e (4) 
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in what follows we use the solution with the negative sign before k. 
Let us pass from the system (a, y, e, t) to a system (£, y, 5, 7), such that 


=f, y=, = 0, r=tFrje 
so that p3 — E2424 (8 =r? +y? + e? — T2, pr, sex wb) 
The wave function is transformed so that 


g(x, y, 2, t 9 pl, m 5 7).™ 
We obtain by simple differentiation 


ô 3 20),|9. 9,9 prl Ero 3t 
Oz Oy 8s Ot oq Oi] c p O74 


n 
= 9*; (8) 





and further 




















Ot On p OC} Or 
:[.9..9., 2 j£ 94 » By i 9s]. 
Of Ow OC/\ep Or cp ðr cp!:07 


in the last term on the right each operator in the first parenthesis 
operates on the corresponding function in the second parenthesis. 
Adding up the three terms and using V? and V; for Laplace's opera- 
tor in (æ, y, 8) and (È, 9, ¢) spaces respectively, we obtain 


199, cz l| o (£09 |, € 95 
SP E ar Of\p Or I" O£8r 





-- two similar seis of ERE 


8 (£, 8» faae) afl ae\l a 
Of\p? Or } @n\e 07] Oilp* ðr) 


Substituting from (1) we have 


ð [n 99 ð [t 89 
On p? 2). Se ub 


* The same functional notation $ need not produce confusion. For a differen- 
tiation the independent variable shonld indicate which function is meant, 
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(8) is an equation in (É, y, x) space. Writing Green's theorem in this 
Space as i 


| / — kp ~Kp 
(ove ( : )- f vie 
P P 
| —k en 
afe “P\ e “Pas 
m aero: LLLI TM ra tat do t.: 
K 3 p p Ov i m 


and in virtue of (4) putting 


— kp — kp 
g| l L9 € 
i P "au p 
we obtain 


— kp — kp — kp 
— g = o o SEL 99 ( 
Ft eme) e 


and finally from (8) 


pud 
C 
—k —k 
n a 6 P 9 P a9 J 
ty 3; cm i Bt lus, w X0 


where v is the normal and i the vector (£, 7, (). We now extend the 
volume integration throughout a space bounded by an arbitrary 
external surface X, and & small ultimately vanishing sphere round the 
origin of (€, 1, ¢), and the surface integral on the right over both the 


dQ, 























EN 
3 
3 
i 
[ae 
| 
"S 
ce 
Cep eS. 
Voot 
|o 
e 
al 








surfaces. 


The volume integral on the left of (10) becomes 


—k —k > 
dr e cg dí) 2 e d v P. 9$ de 
p c) p p? Or 


where v is the unit normal vector, and | ] denotes scalar product. 
The surface integral is to be taken over both the surfaces. If 0 be 








the angle between the vectors Y and > then since 


> l - 
H yma] = me TER and E P Fd =. cos @ $f. 
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equation (10) can be written as 


— kp — kp 
(e l 9 9) . dQ- + 2 g oes de 
ð p | 
— kp — kp 
+ LO se — AMI dp da 
3 v p p Ov : 


where the surface integrals on the right are to be taken both over X 
and the vanishing sphere round the origin. ‘80 far as the vanishing 


sphere is concerned only the term ¢ 2 | 


contribution, viz., + 47$ at the origin. Hence 
gu -k d 
k . Oo P E 8 P i ' 
= F edo — : 
Po ((- 2nc Or | p A). Ov Bf: p | | 


This is im (f, n, 5, 7) space. In transforming it back to (a, y, 2, t) 
space we note by (6) 








ge 





| makes 8 non-zero 











<> 
= o p LP O9 09 
grad ,$— die Ar A Pd ak L0 


where grad, and grade denote gradients in (x, y, 2) and (£, n, 0) 
spaces respectively; hence 


-> 
A -|> Ln E lp. e+ - 9$ 1 Lr cos 6 ðt. 
v C p e 








and remembering that in the previous integral $ involves 7, we obtain 


in the (x, y, #, t) space ` 


-kr xx -kr 3 
e k 0 ð 
Po»: d .[o]dx dy dz + 2| =] at | dy dz 


T 
I —kr —kr —kr 
-1l 3e mg Og} 1 e a 
afin (57) | Sesto Be] 
oO (11) 


where [¢] means ¢ at time t—r/c for the upper sign, and ¢ at time 
i+r/c for the lower sign. 
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The surface integral will indeed vanish for the usual assumptions, 
Here on account of the factor e7*" the surface integral vanishes fast 
as the surface X recedes to infinity. In that case 


—ler 
= k | 8e|le 
«dta: ES : dz dy dz. —... (12) 


This is not a solution but a useful transformation of the wave equation. 
Firstly, it represents the effect at origin at time t as a wholly retarded 
(advanced) effect which travels with uniform velocity c, a feature 
which is absent in the solution. Secondly, the form (12) shows that 
the effective contribution to the value of the wave function ¢ at a 
point may be supposed to come from a region very close to that point, 





as retarded effects of oc an a. 


References 


Bhabha, H. J., 1089, Proc. Hoy. Soc., (A), 172, 884. 

Bose, 8. N., & Kar, 9. C., 1940, Proc. Nat. Inst. Sc. of Ind., T, 03, 

Courant, B., & Hilbert, D., 1931, MeMioden der Mathematischen Physth, II, 
p. 443. 


SOME INFINITE INTEGRALS i 


By | i 
Miss. 8. INEA 


(Communicated by Dr. B. Mohan—Received January Ü—Revised April 14, 1942) 


1. In order to evaluate certain Infinite Integrals we are going 


to utilise a particular case of the following integral given by Verma 


(1988). E 


[nenne B; —«t)W,, m(x)de 
0 

QUOC mcplü-mcri pr, = RIT ee 

——Ti-kep —O* gia,l+m+4,1—-m+$;8,l-k+1; ~t 


S. (ly 
provided that #(l+m+4)>0 and |t] « 1. ) 


moe (N21 m ton n eelan (= 
Since toc a n; —2n; x)= e?z Red abl. 


for integral values of n40, we have 


Hence putting a= —n, B= —2n in (1'1) we get 


(aiao agaw, (a) da 
e 


(17.673991 TU m T (m3) 
T-n) Dil—-k+1) 
x gsFa[—n, l+m+4, l-m+4; —2n, L- kh 13; t], 
where R(lL4+m+4)>0, [£| zz 1, n is a positive integer 4-0. 
On putting s=0, m4 and slightly changing the parameters we get 


os 
-lar (I-X) 
E 8 PR, quede 
0 





=(-1) rth 1297 9. e [a y- 274; - 29; 2p] 


(12) 
where R(y—q—4)>0 and q is a positive integer. 
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2. Let us start with the integral given by Sonine (Watson, 1922, 
§ 18°47 (11)) 


= £8 -l,k 
( J pp c1 P Te atiyni i. k (be) 
à H (t2 + g2yav + 1 9v — cane 
where a«b, R(v 4 2) R(u) — 1. 


“Multiplying both the sides by e7^(17? b*-! and integrating with 
respect to b we get 
(^ J _ fayi? +z? 
g ^ 0-0pY-1g5VM J (b rci t ausi, 
R : H (£2 4 g2)tv +1 
v—l H 


20 
o E LN (be)b?~1e-2 d-dh 
gv —- lp, " p 


Tl (-1y 75. r(y-y) | 
x mu R Fili- a, yop; 1— 2p; 
Iv) gv—p—1 Tlü-à) 9 14 py a 1 2u. 2s | 





by (172). 
The left-hand side becomes 


J. fayt? +22 
A itla eso-opr (bt)db 
g (ravi o j 


The inversion of the order of integration is justifiable when the 
double integral 


3 
eter oe 
tZ 


i8 convergent, i 86., when R(v-- 2) R(u)-» —1 and R(u+ y)>0. 


. Evaluating the inner integral by a formula given by Hankel 
fWats^n, 1922, 8 13:2 (8)) we get 


foe (2p 1 
0 





(£2 4 22)o+ 1 iue (1—2)2} $l +y) 
2 
F ELE ant iod m TS UNDA AERE 
*e'r g^» 7g Pt RFU- 
gap- v +1 


stn h TEEI Y-M, v—1 


I(1—,)L(y-pg) Do) 


xF [4-a y-a; 1-263 2], (21) 
where Ro +2)>R(a)>—1, a<0, R(z)21 and R(y- u)70. 
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Particular cases :— 
(a) y=1l—p 
( J {ay 83 + 3 pret 
0 


i3 
Ir ccc ud oc SUED fadi sec fi 


=(-1 Tiy aTi PU v ru once (1—22)^7 5, ..(9:2) 


where R(v--2)—R(uy), —1<R(u)<h, azo and R(z)>1. 
(6) u-i 


o (q32423"*1 — ^ (040—592) 0 4) 
y 1 8 PUT 9 . t? 
undi 4'4 9° 9  Biü-z lar 
m aV 1 i5 220 5 
~ Top a av (L-2 , e. (2'8 
zu po Ts ( 
where R(v)>—§8, a<0, R(z)51 and Rly)>4. i 
(c) pe 
{Ane 1 
0 (t24 232 +1 {t? + (1 —2)2}(y~4) 
nb ed duy a E ; 
dg? v. »'9?'B«-95y. 
me v-1 
=al) (Y-i) Fi{1, y+45 2; 22}, a (274) 
where R(v)>—§; a<0; R(s)>1 and R(y)71. 
(d) v=§ 


¿pti sin{ay t? + s?) 

ote) — na cL syl tp) 
| pty i-yt.s0. t2 
xm 3’ 2 i £3 4 (1— 2)? i 


=(= 92 Tot DUfy- i) 


ES E Ga, y~n; 1—-2p; 22), 
TU- dyra 91 p, Y~} p; 22) 


i (2:5) 
where j2R(u2 —1, R(s)21, a0 and Riytp)>0. 
4—1874P—2 
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G) y=l-p 
2u +1 gj 84 23 a 
pee tt sin (a 09 2*J C 
o aFi a et liu rus. 
M praeri PPPOE Bema)? 
sa/si-D^ i r(0IG-4(0-29^71,  .. (2°51) 
where 4$>R(p)> ^ 1, R(s}>1 ane ae 


In particular, putting u= —4, we get 


is gin {a 4/ t3 4 22} - (fm 


disi eee “ye. (2°52 
: (t2 + e2)2 (13 + (1 —2)?} 1—82+ 227? eee) 
where R(z)>1 and a>0. 
H 
(e) ve18nd ytp=1 


Jofay +a } uti " 
cu e enc c Bul pudiese i cdi 
j ($2529 — (4(-299)3 dic alis Irae Leon 
=(P ay role T(irG-40-2g45 3 .. (26) 
where j—R(u)— —1, a<0 and R(z)>1. 
(f) v=4 | 


E pen tl uos fa 13 +2? } í 
o (2+2) {42+ (1—2)2) Ut Y) 
1 pty leyti., " i? 
ratu 003 a gale 


p 7 3, ge Det DEG — 
—(-1) Pint UP A e a- |, yo uide 2u; 28], 


(2°77) 
where §>R(u)>—1, R(£)71, a20 and R(yt,420. 


. Now, putting y+ u=1, we get 


2p +1 9 d 4 2 
eem "TOS 


t2 + 22)8 {t2 4 (1 2)2)3 £2 (1—8)? 


-(-19 *yzp(u10rG-0-2e^473, (2°71) 
where $>R(u)>—1, R(s)>1 and a>0, 
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In particular, when u= —4, we have 9 


à 
t 
at la 


cos (a 19 +8? } ape Save, bos (3°72) 
a ( (t2 + 53)3 (13 + (1—2)?} 1—8s + 22° ? V 
where R(z)>1 and a>0. | i n 
8. Let us start with the integral given by Gegehbaudr (Watson, 
1992, § 18°47 (18)) 


` 
7. M ` . . 
D 1 


J fa/tt+e2 jJ gy 
E pp VENE tet h lavt’ te} i lu Peay 
à # (3 + g3)HlA+Y) - Wb o» x 
_4_. . J (a2)J, (ag) . : 
Eg vip e Au GI 
bg ty 


where.b52a, R(v-- A-- 8)» R(u)7»0. 


em : —b?y? p —1 í ; jx: 
Multiplying both sides by e b and integrating with 
respect to b we get = 


h2 - "7 — 3. fa Bai) ant? +22 m 
En y*yp lil J ua ue Pr OVE ORA iu 
$ Jor (e+ AAt — e 


Jj H 
=a gt 7 lE) a al -PTET I, E b*y ? db 

g^ tv a i 
The integral on the left-hand side becomes 


J {ay t? 23 HA (au t? + 2} T pl —bey3*, 
ee 6 J (bi)db. 
? (£2 4. 22)alA t v) A u 


i 


The inversion of the order of integration is justifiable when the 
double integral "ag "ad va 
\ J fat? + 2? JS) for t? + 32} 

0 


(t2 + gay + v) 
( 
0 
is convergent, i.c., when R(v+A+§)>R(s)>0 and R(p+p)>0. 
Applying a formula given by Hankel (Watson, 1922, § 13°38 (2)) 
we find that the expression on the left-hand side 


. Tg) [ee 


9p tl ypteT(u+1) Jo (£24.52) 0t) 


i7 lgi hoye NR N 








` P N 
* 


pp te Pius NO db 








9u—1 wa. Bie et Re Na 
TE s (i ap Fp p | ann. 
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The integral on the right-hand aide becomes 
| pP &31,70?y*3) arem "d -B 
0 l 


yP TPF 


putting js =c and using Kummer’s danean formula 


ily (0; p; #)=6" 4F1(o—o; p; —2) 
we get ` 
” J ufa t9 P3 0/PrS) gu- -i, — ci? 
ss (£2 + 22)R(V +A) . 
PoP ad: -ot2bd 
andes g to pti; ot t 
DYE 2T (eu) -7,03 (as) 
gc r(e) g^ tv , 
where R(v--A- B)-R(u)0, RBip+p)>0 and a<o. 
Particular cases :— 


(a) p=1. l 
(i) Bince PEU 1088) 


where I,(z) denotes Bessel function of imaginary argument and 


Rin +4)>0, we get, on putting =), i 


( J (au t3 29 A (au tte?) mlg bt? otad 
: (t2 +. 421^ +v) ^ 
TT (Lg) “Flee (a2) 
Ji of +1. us oe 


where R(v--A-- 5) R(u)» —1 and a <0. 


, 


(ii) Since 


ul (3)^e7* Fy (m +4; 2m - 1; 22), 
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where K,,(x) denotes Bessel function of imaginary argument and mi 
.8 an integer, 4-0, we have 


19 7.9 : ERR 
| aia i Euct*)dt 
0 (t? 4 g2)alv + A) : 
(aJ , (az) 
-(Cms*bys Pwr (3- ge ... (84) 
of + +4 E: g^ v 
where a<<0, Rotat) zB —1. | 
(b) Since i 


: bad - _ pe x 
iF; (a; 8; 9e PAM a, a) (2), 


- 


we have 
J (avt? s? Ja (aV t? +27} "m zd NT 
M E M 2 
\ (£2 4 g2)tlv +A) s plot )dt 
AW} T(g s) IJ, (292), (a2) | 
"Eu cu ay” (8:5 
aor“ 1(6 +8) 
where Rv +A+$)>R(u)>0, R(ep+p)>0 and a<0. 
(c) Rince 
1B y(—n; B; 2 — s Le- 1(z), 


where L(x) denotes Laguerre polynomial of integral order m, the 
integral takes the form - 
|^ J (a y (23 JJ, (a y £9 + 2? } 
0 


— ei? 2u—1 
i^, 7 L1? 
(£2 +. g2yhly +A) ! eet 





on J ,a)J 4 (28) E € 
3o. wv ü 


where R(v-- A-F 8$) R(u)70, Rip+ p)>0, a<0 and n is positive integer. 
(d) Since 
1Fy(—n; 8; x)=(—1)*n1 T(8)T8.., (2), 
where ‘['"(z) denotes Sonine polynomial of integral order n, we have 
J i3 +2235, (a 5? +2? = 
Jua Pte a (aw rs? y pui, 7 c8 T^(oi2)dt 
: qs gi - +) 
EE n 1)"T'(u)n J (as), (a2) 
T g^ t v 
where R(v-- A4 S R(u)0, R(p+ u)50; a«C0: and nig positive integer : 


j a (87) 
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(e) p=1 
, x Py fz 
Since 1E 1(7 n; 2; c) z (— 1) e set) 


where k,(z) denotes Bateman’s function and n is a positive integer, 
we have 


( J {ay t? +a? (aV t9 +2? } poe 
0 


dade —- 2 
(£3 + 22)8(A + v) i Eg (p, (bt?) dt 





(=1)? J (2) y (aa) 


Sp +1) M .. (8'8) 





where R(v--A--8)21, a<0, R(p)>—2 and p is positive inbeger. 


(f) Since 
TI(-n-4) 63 


"ma Mp Penn (2e), 


jFi(75; ; 2) 


where D,,(z) denotes Weber Parabolic cylinder function of integral 
order n, we get 


p2 
cs ee 29748 
J fa t? +a? Y (a t2 22 4 ; 
( m a Md Fo Dares (bth 
0 (t? + g2)8V 


_ J (as) (az 
=1(—4)2? iD +1) GOs py .. (8°9) 
a v 


where R(v+A+8)>4, R(2p)— —9, a<0 and p is positive integer. 


t 


(g) Since, 
I(-1-3) 1 - 
Py(—i fi a= pe guter. rs Haan(3), 


where H,,(x) denotes Hermite polynomial, the above integral may be 
written in the form 


J,[ay1?--29 }J (a 1? 22) _ ag 
Aen Vac AUAM ee E ena (ct)dt 
^ (£24 c2) X) , 
J (as ,(us) j 
—99»*1T(— JT'(p +1) cos (px) —" ^ —, .. (810) 
; |o gtv 


_ where Riv+A+8)>4, R(2Qp)>-8, ax0 and p is positive integer. 
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4, Starting with the same integral (8.1), multiplying both the 
sides by bo PAPE (bc) and integrating with respect to b we get 


ty J.fa i422 M, fay t2 +22 1 
| be P Ur Boyar) J pj MET ATE EST y lai 
2 p M (t23 22) X) 


es J (ag)J, (aa) —n2h2. 1 — 
sgeipuy 9 Dg Peg Hy ejay, 
. g^ ^v T | 
where a«0, R(AA+v+§)>R(p)>0. 
The integral on the left-hand side becomes 
J (ati? +z? M (aV 1? +2” — _ hin? 
ANETE ON Te Bag Lah be Pj (bo (bib. 
" (t2 + gaal +) : B H 
The inversion of the order of integration is justifiable when the 
double integral- E 
J {av t? c 2234 (a 09 + 2? } 
à (£8 + 22) +y) 


A 


is convergent, i.e., when R(A+v+ §)>R(x)>—1. 
' Applying a formula given by  Gegenbauer (Watson, 1922, 
$ 18'81(1)) we find that the left-hand side becomes 


la 





— 5252 
be P ? Jy (be)T (bt) db 
€ wold (68 








c2 age 3 a | 
1 s 4p? J fay t? c2? JA (ay +e } Tle 4p? I E dt 
9p? 0 (£2 4- a2) 0 +y) "ae 


The integral on the right-hand side is 


K —p*b*,1 “AS (bo)db. 


0 
Using Hankel's formula this reduces to 


c" c2 
Ot 159T u+ 1) p 


Now, on putting ir^ we get 


» TERTI 35.1.7 -442 ` 
J {ay Ux 2? JaA(a t? F2 ) n1, 26 I (qtd 
: (£2 4 52)3 (v ) # 
ch J , (a2) , (ag) cq 
T m € — M F 3 t1; — b woe 4°] 


where R(A+v+§)>R(u)>0 and a<0. 
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` As a particular case, putting u —1, we get 


J fayt? tet} {a yit+a2} 8 
pu E E A d Hala v j e 2c I, (qt)dt 
: (19 4- Q2) + À) 


qc J 
soled Vm Es i .. (42) 
(299824 +y 4$ 


where R(A +v+)>1 and a<0. 
5. Let us start with the integral (Watson, 1922, $1847! 


j3$ 22 ofr 
, (bi J {ay t$ rg ) iu B (a +1)J (ae) 
+1 (2 4 22) 7^ bati gv 


where R(v-- 1)2» R(y) — 1. 


—p242 | 
Multiplying both the sides by e oy where b is real and inte- 
grating, we find that the left-hand side 


—y2b2 Tyo ttt ett 
db (ot) ——— y tdt 
EN (£ + 52)" 


J (a V 13 +23 } ee E 
=) ———À usd Ps tonnes, 
0 (t9 + 37) 0 H 


The inversion of the order of integration is justifiable when the 


double integral 
raf 
0 


y 


is convergent, i.e., when R(v4- 1) R(y) — 1. 


J (ay Bg) 
ría 


—-—3,9h2 
yb db 


e 














J (bt 
(t3 +22) £199 


Evaluating the inner integral by a formula given by Weber 
(Watson, 1922, § 18°8 (5)}, we get 


= J / 12 4 $42 ER 
NR i Be By? y | t2 
2y Jo 3+9” eie 
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Now, putting c for 55 í Loy and t?=2, we have the left. 
hand side 
— f» J tHg? 
LM Cn aY71e7* 7T. (cz) ee : os 
43 Jo læ 22)" 
The integral on the right-hand side becomes 
| ormeta- Tu 
1 cl $o y= f 
Thus we find that 


i J fayz? +z H E = 
\ igre ry y(oz) sy d m J (az), 
niac 


0 (w+ 2%) 


where Hív-- 1) R(2y — 1) —1 and a is real. 


I am much obliged to Dr. B. Mohan for his kind help in the 
. preparation of this note. 


HINDU University, 
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TWO INVERSION FORMULAE 
By 
D. V. B. Rao 
(Communica'ed by Dr. B Mohan—R-ceived January )——Revised April 24. 1942) 


1. Bateman (1906) proved that 


EN J o (z — 8) rim i270 iaa —9f(s). a (L1) 


Hardy (1909) generalised this result and obtained a formula 
containing Bessel Functions of order v and 1—v. Fox (1927), mainly 
following the method of Hardy, obtained & generalisation of (1:1) in the 
theorem : 


Theorem A, If f(e) be defined by either of the formulae 


jor) on) OP pa du ze 119) 
b 
where t | olu) | dp ce XS) 


exi-Ls and — then 


_ = (a — t) 
LEN I (v—1) J, Sun ul œ- 8) + S, 0 Oho 





whenever v7»1, and 


T T J 178 J (z-t) 
LN je- seas ze J, 2160-9) j(t)dt 


= 2f(s) "T (1'5) 


whenever v i8 8n integer or zero. 





Hence, also by subtraction, - 


= 1) J (z-t) 
C4 jen jar uc cw E28) tv — JF, _ 4079) J(t) |}dt=0 


(1:6) 
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whenever v is an integer, the values 0 and 1 being excluded. Fox 
has, towards the end of his paper, stated that equations (1°4), (1 5), 
(1:6) hold good for any function satisfying the equation 


f(e) S sin(o 8 f(t)dt. TELS 


Brij Mohan (1938) has further generalised this result iu the 
following theorem . . E 


Li 


Theorem B. If f(s) be defined by either of the formulae. 


b S " 
fe ( MS adu | E a Q3) 
1 sin(s—t) MN 
Or wei Mtn f ^ E CAM E {17} 
then i eee a | 1 H : » guts 


EE A pu s 16- dU: ] 


Hiec ete enge oan . (18) 


where A and v are integers. 
Brij Mohan and R. V. Shastry (1988) Have shown that (1:5) and 
(1:8) are true for another class of funetiong { (2) (x) given by the theorem: 


Theorem C. if f(x) be defined by it 


B E 
ie-| anions) d(w) do z (1 9) 


where —1«a«b«1and 


b 1 , > 
( | olu) | du e (110) 
i. x a I , } 
exists, then (1'5) and (1:8) are true. i ; 
They have, in the same paper, further ceneralised the ‘result by 


taking 
i ; 
L2 s e fet) plo) dw, e (t11) 


where \ | pf) | dw | » [| 


exists, and where —1<a<6<1 and Ouz;l. 
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In this note, I propose to show that (1 5) and (1'8) remain true 
fot yet anothér class of functions f(z) given by the theorems in 
§§2 and 4. ° T ty. Wu i 

For his constant guidance: and encouraging advice in. hy work, 
I wish to express my respectful thanks to Prof. i Mohan at whosè 
suggestion I started the problem. Ea 


9. Theorem D. Tif(e) be deGned by the'formula 
bo é + an J =, "E " ‘ 
Jg(8—6) ora. dE 
prre aoe 
f(s) NEN $(c)dc | E 1) 


Ses o d 


; "a 
where "i EE g(c) || de le. 


| 


exists, where -1 ees and B- 3. then (0:5) and (1:8) 


remain true.. 
5 i X ^ 


Proof : ue Molan (1933, 84) — TN -— : 


( [aem 1e- +d, (x — 8) Jos Jr 8)J. (2— t) 


- 
HN 
i" o 


2 _ T E sin(a— t) ' D du 
kJ, Q6 8, (t o laz gc 0 «t (2:2) 


where A71, v0, 
Multiply both sides of d hy ft) nud eae from—-« toa. 
then, 


(- f(t) «(Ts A177 -8J, £- t) + hye- 8)J A(z— i) 


*J (z—8), (z—1) 4 T4 d ecu 


~ ^a f ' { +4 3 g iz + (s — B 4 ` = 
ae ain {8 i) 
zl t)d 
i" um UR 
-—D 


> F 
-tf t rm d plode ^"! u (2'8) 


27 m 





making use of (2'1). 
Now changing .the order of integration i in the repeated integral on 
the R. H. B. of (2° 3). we get, the R. H. S. equal to 


sin(s—t) alt= . 
Gg | "um ELM i-o dt, EL (2:4) 


3315; RE 
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the inversion of integration being valid due to the absolute conver. 
gence of both the integrals. Hardy {1900; Eqn. (87)} has proved that 
V J (m(z—a)) J (m(z—5)) 
E ea (aaa C 7 


-—— (x — a) (z—b)" 


Puts) fe | 
E (x v) = a ie {m(a—b)} 
Fiut) EO) (a-b) tv-* — 
where a, b are real; u--v7»0 for all » and v, neither being a negative 


integer. 
Using this regult, we find that (2:4) reduces to 


b 
£15 20 "us dc 
Af  — „ (28) 
Hence, changing the order of integration on the L. H. S. of (2'6) 
we arrive ab (1'8). i 
Similarly we can prove (1'5) which is a particular case of (1'8) by 
starting with the result 


J, 160-9 J (æi) 
(v—1) =- J (c—8)tv FE J, 16-9) dz 


(2:5) 





_2 sin (8—t) ; 
aa se c2) 


Theorem E. 1t f(s) be defined by the formula 


: : 
m= o(c) Ta a ae 2o (28) 
- ? i 

where ( | &(c) | de 

exists and —1l<a<b<1, 0<u<l, 87:—1, then also (1°5) and (1:8) 


hold good. 
To prove this we use a form of (2'5) 


V J {m(s—a) J (n(c—5)) 
—» (e-a) ^  (s—b) 
| 2v l 
Ens T ey - 4 60-5) 
~ Tp +4) (v +9) ^ (q—byety—a ' 


where a, b are real, u-- v0, for all u and v, neither being & negative 
integer 0<n<m. Putin this m=1 and proceed as before. 


f 
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3. As stated by Brij Mohan. (1988), when v=A—1, equation (1 8) 
assumes the simple form 


n J {e—8) Jeo 
ane E Weg CY ee Dg es jr f(t)dt 


= 2f(8) .. (81) 
where v is an integer. 


When f-— —$, equation (2:8) becomes 


z{ o(c) cos p(s — c)dc. .. (82) 


Following the method of Brij Mohan (1088, $8), I now proceed to 
prove rigorously equation (8°1) for this function. 


Proof: We have, if v is an even integer, 


eo b` 

| J, " -ifti = | / = \ J, E 17 vd $(c) cos u(t — c)dc, 
D b 

Va d iis udu ( plc) cos u(z —c — udc 
THY —o a 


of 
=23,/ 2 TAE MR 1^9 cos u(z —c — u)du, 
TH a 0 


the inversion of the order of integration being justified by the uniform 
convergence of the u- gx for -1«e«1; 


=2,/2 ein u(v —c) sin (v—1 sin} dc 
1| fe n pel ) (v—1 p) 


on using the formula (Watson) 


(> alet) cos sin Bt "Uu Bi e OR s E s A98) 

0 

where 8<a, R(A)>~1 
v—1 


ze E vd 
Nu aaa xt (eo) em (v—1 sin-1g)de 
— c gin alz ce) smn (r~ I sin” 


= J (u) 
ACTED ) ein (v--1 sin"1u)dc | v— — sin (8t —c)du, 
uc A ral — p22) ) p = 








J (2—s) 
a — f(t)at 





(34) 
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the inversion of the order of integration being justified by the absolute 
convergence of the double integral in ppm with 


( f 
RD lele) | )fde- -... 


Hence, the R. H. S. of (8:4) 
ave 
V nu (1 — u?) 


e 


b 
» ¢(c) sin (v— 1 sin^! y) sinfp(s —c) + v sin 1)de 
& a 


on using the formula (Watson) 


J. (at ' 
A ii ) sin o, Btdt= sin IC sin" 1B/a .) .. (35) 
r . 


where «a, R(A)>0. 
Thus the R. H. 8, of (8:4) 





- ~ 


b : - " t 
ERRES C ; 
H ai cos fu(8 — c) - sin"! u] —cosí(uta—c) —2v sing y 
T zs 

n PE "E $ 


PA 


inc [ëe "o dus (86) 
In the same way it can be shown that the second term on the 
L, H. S. of (8:1) 


= / a -e uL. se [eos (lé e) sinha} +08 fulo =e) —2v siny 


ME . (8'7) 


Adding (8'6) and (8377), we ge the L. 'H, S. of (81) 


2| uo ) oos u(8— c) Mod 2/ (8) 


which proves (8'1). Similarly ıt can-be proved for odd) integral 
values of v, ` 7 ME S 

4. According to Hardy (1909, $14) a functions said. to be an^m- 
function if 1t eatigfies the equation I - 


f(z) = aa sio m=) ey 


~ 


t-r: 
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where f(z), z and m are ali real and m positive. In the same paper 
he has shown that the function - 


Jat (2? —2az cos 6+ a*)] (4°1) 
z? —2Qaz cos 9+0%)8 
is an m-function for m > 1, if 8 >—-4. Form > 1, he extended the 


result to all casses in which 8 >—1. 


we have 


o 
| sin (£—2) Ja{ y (9 —2at cos 0--a2j] 
ng OE (12 —2at cos 0--a3)9 ` 


yn m 2 
— TRUE ee s (413) 
(x? —2az. cos 6+ a?) 
we can extend the results of $2 and state the following 
theorem : 


Theorem F, If f(s) be defined by the formula 


toe { se Ja{ V (8? —2cs cos 6 4- c2)) : s. (458) 


" (8? —2c8 cos 0 - c?) 


b 
where ( | e(c) | de 
* a 

exists and —1 «Ca « b <l and B >—4, then (1'5) and (1'8) still 
remain true. 

The proof of this follows precisely on the same lines as that of 
Theorem D with the difference that we use (4'2) instead of (2'5). 

Itis easy to see that if in Theorem F we take 0—0, we get 
Theorem D. 


Hispu Universtiy, 
DBRBNARES. 
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ON THE SAMPLING DISTRIBUTION OF HARMONIC MEANE 
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- 


1. Introduction 


Very little is known about the form of the distribution of harmonic 
means of sumples taken at random from the populations having well 
known frequency distributions. In 1985 Frank. M. Wadia found 
the distribution of harmonic means for samples of n drawn at random 
from Poisson’s first law of error, 


k-lej[a 


T 


( —oo«z«oo). 


The object of this paper is to consider the distribution law of 
harmonie means for samples of n taken at random from 


(a) The Normal population 
(b) Pearson’s Type IIT, 


These distributions, so far the author knows, have not been 
worked out. 

In tbe method of attack I have employed the theory of the 
characteristic functions in the sense of P. Levy. In 1984 S. Kullback 
made extensive use of this theory for the study of various types of 
distributions. A brief discussion of the characteristic function is 
given below. 


2. The characteristic functions 


If the probability funetion-of a continuous variable z is f(z), 
the mathematical expectation of the arbitrary function 6''* (where 


tis a real variable and i= y —1 Jis called the characteristic function of 
the distribution law of x and is given by 
s(t)=Ele' (*] = (e ‘Sade, —— V o 2 (XH) 


— 
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Since f(z)=>0 and (ie)de=1, the integral defining (t) is con- 


vergent and |e(D)]| x; 1. ^ |. a 
Application of Fourier's Integral Theorem to ¢(t) yields 


1 on 
ex —tiad{. , s 9:9 
Ju) = Jette (272) 


Thus we can determine the distribution law of a variable if we 
know its characteristic function. - — 

Similarly we can find out the distribution law of a function 
if we know the characteristic function of the distributionlaw. -Thus 
if u (xz, £g, ..., Za) is a function of the variables 24,29, ..., «4 whose 


distribution law is f(z,, zy, ..., Zn), the characteristic function ‘of - the 
distribution law of u is given by : ey. eg ! 


ku 


r3 t P Qa x BAIE 1 ‘a 


wm 0 s ‘ 
Š i m (rm, Bes eo abd Lo, a Zajdejdzg des. (28) 
—b OD Qo uc - ds 
The distribution law of u, P(u), is given by 


. = ; IIS 
P(u)- 1. { e ise(Ddt. — . NEN TI 
z 2m y- 7 : 


8. Distribution law of Harmonic Means for samples of n from 
anormal population 


It has been shown by Dodd that the distribution law of acl is 
g 


vo-(3)(2) | n. (8 1) 


1'. ae Js C P " ER 
if z i8 continuous on the range of definition of f(x). Suppose that & 


variable is normally distributed; its distribution law is given by 


* = 9 - 9. 
jx): —1— 479 [907 
y 2no- TU gt dd LEE 





geiaio 's 

If a= P we find from (3:1) that the d Um ae of sal is 
^ z 4 -- = 1*4 ds TOI Se e: 
given by a MEE 


1 


— »® {9,2 
ice iid EE E 
y 2no ' 


xc Er d^ 
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Let 1,1 shih I 


We assume that + 1 i 


oe ind dent distributed 
zu a are independently atribute 


according to the same law of distribution, namely, 


d  J--- gig 9 [a^ 
"UE MOR, uaia" 


The characteristic function for the distribution law of u is given by 


mq d. ou 
elt) - ( stot? [2« ait das. 


So N Amo 
Put y a an ae ILI 
: od gi r? er a 
Then ` 5,—o0^212 [2 3 
?g 37:2 
Um de eg TEH y | vy" / A e tpa c 
y 2n — 


er ee 


dr Y ek. W^ 2 (B'2) 
The distribution. lew of u, be is given by 


-a T 
€ ub, rn? EE UU Ert 1 > 


"d du 


e : - f : ; E n dk ? ys 
"c “ed foto d © as ! 
Tf = 


udis 


Soup din bl e(t) from d 2) we have ^ 


LE ge 
Pu= f an, — nito *[2 (485 ajne tindi cc (3:3) 
: U^ ws 
The (r£1)th term of (8:8) is 

^n * 7) = 


ECC near Te ic 1)t?7e ~nitot/ 


5 E: dide aq 
TT 


bond i 
C ^4 4 


antr) e = 
= 5m TN fc Dert nine "eon tian tu)dt. 
-00 


as 32 
Since | (carere ni^" [2 iain tu)dt 
=O 


vanishes for even and odd values of 7, we have 

2(n +r) Ns de ee ee T 
cA a ny Accayiere 7 oT cog tu dt, 
TT r 


-0o 


b... 





(34) 
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1t 18 known that 





49452 9 
fe Aae (cos bz)a? da. (- 1) — 
whence (3°4) becomes 
gett 2r -1 di7(o 7 ^ [2ne? 
teen, Mera. 


y 2m 
Thus the distnbution law of u, P(u), is given by 


pena get t 2r-1 T dar (e7 Y7 2ne?, 








P(u)- 
(u) € V Onn - €, | du?* 
= — 3 C, 7u? [2no? u 
N 2mm rað n” 29r yno (8 5) 





where H 4 i Ja Hermite's polynomial. 
y no 
Making the transformation uc. where h is the harmonic mean, 
we find from (8°5) that the distribution law of harmonic means of 
sam ples of n taken at random from a normal population is given by 


ron 


T 


h? r=0 n" ho 





4. Distribution law of Harmonic Means for random samples of n, 
when the population is Pearson’s Type III Curve 


Suppose a variable is distributed according to Pearson’s Type Ill 
Curve; its distribution law is given by 


~g pl » 
x 


(0 « z « cx). 


E 


MUST 


sai, we find from (8°1) that the distribution law of sl is 


given by 


_ 1 iuc o 
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We assume that — are independently distributed and that each x 
J j 


is distributed according to the same law of distribution, namely, 


P+l —z 
plils 5 
x I'(») 


The characteristic function for the distribution law of «u is given by 


| Putting p 
K = à ; 
= Gow K- {p(p + 1}} e (£1) 
| B=n(p +2) 
The distribution law of u, P(u), is given by 


a 


P(u) == f ! «e(tdt. 


— 


Substituting for ¢(¢) from (4'1), we have 


m. 6 tn 
=e) E ng | 


u*7lg-t'. 





l'(s) 


Writing w= (where H is the barmonic mean), we obtain for the 


distribution law of harmonie means for samples of n from Pearson’s 


Type III Curve 


Pperl) na” aig 
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ON A GENERALISATION OF THOMSEN'S TRIANGLE 
IN A WEB 


Bv 
A. C. CHOUDHURY 
(Received April 27, 1942) 


1. The recent axiomatic theory of webs as given by G. Thomsen 
(1929), K. Reidemeister (1928) and others is interesting as it gives a 
geometrical representation of & group. The webs are characterised by 
closed figures. The particular figure called Thomsen’s triangle plays 
an important part and the symbol corresponding to the web in which 
all Thomsen’s triangles are closed form & commutative group. Also 
the theory of quasigroups (systems in which the associative law does 
not hold) are receiving good attention in recent times. In these 
theories, the associative law is often replaced by some other laws, 
notably by associative commutative laws. 

In this paper it is shown that a web gives a geometrical picture 
also of & quasigroup. Some new closed figures which are in a sense 
generalisations of a Thomsen’s triangle -are also given here and it 
is shown that these figures lead to some associative commutative 
laws. In particular, Murdoch’s associative commutative law, for 
which some interesting results have been obtained (Murdoch, 1989 
and 1941), is deduced here from a closed figure. 


2. A wbb is, according to G. Thomsen, a set of two types of 
elements called '' points '"" and ''lines" in which lines are divided 
into three classes, each class being called & pencil. For the elements, 
the following axioms hold: l 

(i) Through eaoh “point "of the web, there goes exactly one 
"Jine " of each “ pencil." — "SN 
(ii) No two lines of the same pencil have a common point. 
(iii) Any two lines of different pencils of the web have exactly 
one common point. 7 


Three parallel penoils of straight lines in the affine plane satisfy all 
these axioms nnd thorefore form a web. But there may not exist such 
simple representation for arbitrary web satisfying the above axioms. 

The lines of each pencil will be symbolised by the letters a, b, c. 
'The pencils to which these linea belong will be marked by indices 
to the leiter. The lines belonging to ith pencil will be denoted by 
Gi, 5, 0,,..., ob0., i= 1, 2, 8. 
7—1874P-—2 
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The (1, 1) correspondence between the lines of the three pencils 
4,4-ü5«-a4 requires that the set of the lines forming the 
pencils should have the same power. A point of the web through 
which the lines a4, ba, Cg pass will be denoted by the symbol 
(G4, bg, c3). A multiplication of the symbols will be defined in the 
following manner: if (a, bg, ¢ 3) is a point of the web, then c= ba. 
‘The set of symbols corresponding to an arbitrary web forms a quasi- 
group with this multiplication. 

A set of elements for which a binary operation called multiplica- 
tion is defined such that 


(i) to every ordered pair of elements a, b there corresponds a 
third element (called product) c=ab of the set, 


(u) to each ordered pair a, b there corresponds a unique z and 
a unique y such that ar —b and ya=b. 

If a, b are two given symbols from the set of symbols belonging 
to a web, then the points (z,; dg. ba) and (a,, Ya, b3) are uniquely 
defined. Hence the equations 


az-—b 

ya=b 
are uniquely solvable. As the associative law does not hold ina 
quasigroup, there may not exist an element which shall be the 
identity element for all elements. But there exist unique left and 
right identity elements for each element of the quasigroup. 

The symbols corresponding to a web form a quasigroup Q. 
Conversely, a web can be formed from a quasigroup Q. Consider all 
triplets of element (a, b, ba) where a, b are elements of the quasi- 
group Q. Call tho triplet (a, b, ba) a ‘point,’ a a “line ” of the 
first pencil, b a ''line'' of the second pencil and ba a ''line" of the 
third pencil. The point (a, b, ba) wil be called incident with the 
lines a, b, ba. These ''lines" and Ban satisfy evidently all 
the axioma of the web stated above. 

G. Thomsen has defined a multiplication of these symbols by 
means of a geometrical scheme. In this definition, the existence of 
a unique both-sided identity for all elements is implicitely assumed 
and the web corresponds to 8 quasigroup with a unique identity 
element. With this definition of multiplication it has also been 
proved that the symbol corresponding to the line of the third pencil 
gives the product of the symbols corresponding to the other two lines 
through & given point as in our definition (Bol, 1937). So all the results 
obtained below may also be obtained with Thomsen’s definition. 
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8. A finite subset of ''lines"" and “points” of a web is said to 
form a closed figure if they possess the property that every line of the 
subset passes through at least two points of the subset. Such a 
closed figure in a web generates & system of relations in the corres- 
ponding quasigroup. These relations are obtained from the fact that 
the 8.lines of the figure pass through two points of the web. The 
elements which symbolise the lines forming the closed figure will 
be said to possess these relations among themselves. Other elements 
may or may not satisfy them. 

Let us consider the simplest closed figure called Thomsen’s 
triangle (fig. 1). 


e 


Fia. 1 
Let AB, FO, ED be the. lines a,, b,, c, curves and EF, AD, 
BC bo lines fa, go, hy respectively, Then 8-lines AF, BE, CD give 


the relations 
ga=fb 


ha fc 
hb=ge. 
These relations will be called triangular relations. If the three 
diagonals AD, BE, CF meet in a point of the web, one more relation 


is obtained. 
ga=fb 


hb=go 
ha-—fc-gb. 
Thomsen’s triangle reduce in this case to a hexagon (fig. 2) with 
diagonals meeting in a point. These relations will be called hexagonal 
relations. 
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These relations can be reduced to simpler ones by applying other 
relations. For example, if ha=a, hb-b, the triangular relations 
reduce to the associative commutative relation ' 


-g(fe)=f(ge). 
The hexagonal relations reduce to 
je=g(ge) 
g(fe)= (ge). 
Thus 9(g(ge)) =f(ge). 
Again if c is the right identity for both f and g, then the triangular 
relation reduces to 
gf fg. 


The hexagonal relations reduce to a pair of interesting relations 


1g gf 
f=g*. 
Other simplifications are obtained by introducing a new element 
p satisfying the relations 


p(ha) = 
p(hb) = 


Then the triangular relations reduce to 


g(p(fe))=flp(gc)) 


and the hexagonal relations reduce to this and a new one 


9(p(g{p(ge)))) =f(p(gc)). 


Another simplieation. should be noted. If g is the common left 
identity for a, b, c and b is the common right identity for f, g, h, then 
the hexagonal relation reduces to ^ 

ef : fe b. 

If there existis a unique identity element for all elements, then 
this states that the left inverse of f is equal to the right inverse of f. 

A special feature of Thomson’s triangle should be noted. Starting 
from B and moving BCFADEB, one comes back to the original 
position in that figure. Three lines AB, CD, EF are not traversed. 
These three lines will be called ‘non-essential lines.” The figures 
possessing this property will be called one-circuit figures. We shall 
discuss some more one-eireuit figures. Consider a figure with five 
non-essential linea (fig. 3). 


4 
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The closed figure gives the system of relations 
af —cg, bf dg, cl dm, ah nm, bh xnl. 

This system is reduced by applying simpler relations. For 
example, if h is the common right identity a, b and g is the common 
right identity for c, d, then 

af=c, bf=d, nma, nl=b, cl=dm 
so that (nml - (nD)f)m, 
which is Thomsen's associative commulative law. In particular, 
if n is the left identity for both m, l, then this reduces to 
(mf)! z (lf)m. 
On the otherhand, if n is the common left identity for m, L, and 


h is the common right identity for a, b. then the relations reduce to 
af=cg, bf=dg, cb=da. Let there exists an element p such that 


(cg)p=c, (dg)p=d, then (af)p=c, (bf)p=d, so that ((af)p)b = ((b/)p)a. 
Next consider another figure (fig. 4). 





Fie, 4 


The relations are in this ease 


ah nl, bh=nm, ag=bf, cg=df, em dl, 
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In these relations, suppose h is tbe right identity for a, b and d 

is the left identity for f, 1. Then 
anl, f—cg, ag — bf, b=nm, l=em 

leading to an interesting relation (n(ecm))g — (nm)(cg). 

Lastly, let us consider only a very particular case of a closed figure 
having seven non-essential lines (fig. 5). 

For this figure the system of relations 

be-fíq,ce-]p, bd=fs, cd=fr 
aq=xe, ap=Ye, ys=ar, 
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Now if e is the common right identity for c, y, b, c and f is the 
left identity for q, p, 8, 7, then 
b=g,c=p, bd=s, cd—r, aq=a, ap=y, ys=ar 
These relations lead to the result 
(ab)(cd) = (ac)(bd). 

This relation is due to Murdoch who has studied in some detail 
the quasigroup possessing this relation. Hence the above figure 
may be called Murdoch’s figure. 

It is evident that many other closed figure of the same nature 
may be found leading to interesting relations. It may be noted that 
all these relations are associative commutative relations, 
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DETERMINATION OF THE JUMP. OF A FUNCTION 
BY 1TS FOURIER SERIES 


Bv 
: - R. N. Mowanty 


(Received February 27, 1912) 
Let a periodic function of period 27 be Lebesgue integrable in 
( —7, 7) and let its-Fourier Series be 
x : 
[H —4ag-- + X (un cos nl+b, sin nl). 
a~] 


We write 


"n n 
S,(z)=huyt+ X (a cos uz b, sm pe)= X C (a), 
11 p B ps0 fh 


Sq(z)= C 
m 


Ma 


vm ^" 
b cos ur-—u sin ugr = 
A " px u px) Ae 


: ule 


S, (x being the trigonometrical polynomial conjugate to S,(z). Let 
Sz(z) denote the. nth Cesáro mean of order a of the sequence B, (z). 
Let D(x) be a number such that 

p= f(z + t) - f(x—t) - D(z) 
and, for t > 0, write - 
V.) — f (£—u)*7 yu)du, (a > 0), 

I (a 4 

Vo(t) = y(t), 
Vr (0) = Falt), (=l Ka < 0), 


^ 


Yalt) -I'(o-r1)1£7* V (t), (o > 1). 
The object of this paper is to prove the following theorem: 
Thoorem 1. 


It fé | V. (t) | dtz0(t) and V,.,(t) -O(t) as t +0, 
then Lim c^ 80) 8H — 1 D(a) log 2 =0 
n> a ý : 
for Boa>d 


and ust. á 
a 
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0 
where k is the integer next to «ifa is non-integral, a=k if a iu an 
integer and £=0 when a=0. i 
Chow’s extension of fzász's theorem is the case a=0 of.the 
present theorem (Chow, 1941). 


As in Chow's paper we define g&(f) to be the nth Cesáro mean of : 
order a of the sequence galt), where gq(t)=cos nt (n > 1), golt)=4, 
and then fora > 0, OZ t <n, k=0, 1, 2,.... 


a 1 i 
C a 


é 


« An? ETR (k << a~2) 
« Antc*(^"(k > a—2Q), 





E An*(k > 0) 





Also Jet h;(i)- X —g (i), 


then, fore 22 0, 02 (ms, k=1, 2,..., 


« An*(k > 0) 
< Anik <a — 1) 
< AnPre-lt-e-lik> al). 








We will also take the help of the following two Lemmas: 
Lemma 1, 

If Y(t) =O(¢) as i> +0, then ¥,,, (i) =O0(t) as t> +0. 
This follows from the consistency theorem for Cesáro limits. 


Lemma 9. 


t 
- “1 ws 
1t i J | ya(u) | du--o(1), 
1 t 
then +] | Pasg <lu) | du=0(1) 


for all positive 8. This is due to Verblunsky (1981). 
Proof of Theorem 1. 


We take the following result from Chow's paper, 
= as : "m d 
-a| 8,69)- Sil) -0,D 2) |= f vi Angee. 
Ô 


; m 
where S (42 —— |] =—R5(t dt. 
"m 
- 0 
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Take an integer k such that k—1 <a « B « k. 


If we apply the 
integration by parts to the right-hand side of the above result, then 
we have 


saa SB. (a) — S8(z) — Q, D(z) | 


—fo [^ nd 
/ p(t) ;PA dt 


nn bof RD = -1P Nw i nam ),, 
pal 





* Cnm E fo 175 (utat 
0 


=n 5 s? om-2)4.n7 5 O(nt-P-}) 
pzl 


_ d**! 
(7052 7E fv, niat 
($. 


=0(1)+ (- NL 








en -. A8 (dt, 88 "i^ OD. 





E A+] 
-0(1) 4 (—1)* raa p [^ Bi fuer (tdi 


cay ac-arfreea] e s f 


=0(1)+ (—- DP [Tk - 1)) 11] 4 * Ta] 
where 0 < m < nr. 


If m is fixed, -œ 


Ls Lel 2 
nené f vane) nena 
a -: 
za ECCE wo 
k+l 
+n & ih has Ed ito la 
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eg" 
f ee" L P j 
n n L n , í 
" " : l 
sojare f nè-8it-8-1di+n fF ren 


Ü 0 


=0(1) as n-» c» by Lemma Í, | 


k+1 
hes f. T ht (Eydt, 
A C 


| l 
Let [ib (atte 


0 


Now 


m 
To] s Mn 6^ f. | V, 0) | £n*7?dt 
" 


TN T # 
< Mn” § f Wh, (n!-5t-5-t dt 


*1 
k — B — £o 3v, (t) 
Mar A-E f. Sup at 


$ 


=Mn* 78- Eet (a) ^ 1— Mn" B £e — 


mi k— 
(m) +M(1+8)n ps "n Vei sts 
=J +Ja+ Jg. 


=0 ~ ps i-t) O(1) as 6o, since £ 2» £, 


A 


a(n B= e m =) Ln fa wt) 00m 


- p- P ESO 


= -8 
FU “ptt BIS su ns Om ^ 
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It follows that 


^1 


Lim —an il S$ (z) — Bte- 24D) < AmE 
n- o 


for all m >> 0, and hence that 


lung i LE — Sia -a.D = 0. 
n OD 


^ 


The rest of the proof is the sume as in Mr. Chow's paper referred 
io at the beginning. 
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À NOTE ON THE TRACTRIX AND THE CYCLOID AS 
STATISTICAL DISTRIBUTION CURVES 


Bv 


B. C. BHaATTAOHABYYA 


(Received April 1, 1943) 


1. Introduction 


The problem of deriving sampling distributions is of special 
importance in statistics. But the solution is available in only a 
limited number of cases; 80 much so, that even with regard to the 
Normal population, the number of known sampling distributions is 
not many. The converse problem, namely, given a curve, to obtain 
a statistic whose distribution is represented by it, is, under these 
conditions, of more than mere abstract interest. In the present 
note it is proposed to solve this converse.problem with regard to the 
interesting curves the Tractrix and the Cycloid. 

Elsewhere I (Bhattacharyya, 1942) have considered the distri- 
butions of a few comparatively simple functions of x? where 





R * 
y= A xv? fo f s. (1) 
and z,'s are independent variates following the normal law 
1 2 m 
p(z)o——e 2 0, s (2) 


Ty 2n 


It bas been found that they give rise to a great variety of curves, 
including the Pearsonian system of curves and Mckay’s (1982) Bassel 
function curves, Functions of chi-squares are therefore employed 
in the attempt at interpretation of the Tractrix aleo; but the distri- 
bution of Student's t is employed f. r the interpretation of the cycloid. 
It is, of course, obvious that these interpretations may not be the only 
ones possible for the curves. 


9. The- Tractriz 


The characteristic property of the tractrix is that ihe intercept 
on a tangent to the curve between its point of contact and a fixed 
straight line is a constant, say, a. ‘Taking the fixed straight line 
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as the axis of x, and the origin at the point, the tangent from which 
is perpendicular to the axis, the differential equation of the curve is 


dy y gy 
42 RUE ; or ydz— — ya? —g? dy. .. (8) 
Jt is easily seen that the equation of the curve, obtained by solu- 
tion of the differential equation, is 
g= — Yay? ta log St YE E .. (4) 
We shall contine our attention to the portion of the cutve in the 
ret quadrant. 


‘The distribution of x? defined in (1) is known to be 


1,2 
J, 


p(x?) — const. (y2ya/ 71 c 2X .. (5) 
where f is the number of degrees of freedom of y?. Aud the distri- 
bution of 6= f/x, easily derived from the distribution (5), is given by 


p(8) — const, 6/171 1 4.9) 7241 ta) .. (6j 
where f, and f, are the numbers of degrees of freedom of x? and x2 


respectively, For the purpose of the problem in hand we consider 
the distribution of 


za XI [eg 7 
u e: xi 46 (7) 

which is easily deduced to be 
p(u)=const. (a-u) = (a + «yia! . e (8) 


Further, making f, =f,=8, we have 


p(u)=const. /a?—u?, ve (0) 
‘a distribution represented by a semi-ellipse. By a slight adjusiment 
of the constant, the distribution of [ u | is given by 

p(|u[)- AV a? —u? . (10) 
where only the fir-& quadrant of the ellipse is to be taken. Let the 
distribution represented by the tractrix be denoted by p(x) and that 


of }u{ by p([u]). Then the functional relation between the variales, 
z and |u{ of the two distributions, is given by 


p/zidz —p(l ul)dluj 


—-Awvau*—u? d|ul by (10). dog: RETE] 
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e 
Comparing this equation with the differential equation (8) multi- 
plied by A and neglecting the minus sign which is due to the fact that 
dz and dy are regarded as of opposite signs in equation (8), we have 


|u | =y ; .. (12) 

Ay=p(v)=y', say. ... (18) 
Hence substituting for y in equation (4), we have, as the relation 
between z and | u |, 


unc. epus 2 
v= — /a*—u*+a log a .. (14) 
| u 


By equation (7), the relation in terms of x1 and x8 becomes 


r= —“EXIX2 + a log XL * Xo de (15) 
xXitx$ = [x1i-Xxal 


where the x8 have three degrees of freedom each. Thus the modi- 
fied tractrix (only the portion in the first quarter) 


=- y'* HD ieee uM 
T a? -aa t a log y'[À paci (10) 
represents the distribution of the function given by (15). 


8. The Cycloid 


- The parametric equations for the cycloid are 





2=a(6+sin 0), y=a(1+cos 6). ae (17) 

Hence ydz=a*(1+cos 0) *d0 — 4a? cost $ dé 

8a? dw 
ae ns (18) 
1+ 6, 
where ——— = tan La (19) 
i 5 — 9 eve 
Now Student’stis given by t= UWL ... (80) 
X 


where u is the normal variate with unit S.D. and zero mean, and f 
is the degree of freedom of x, and x and u are independent of each 
other. 

9—1974P—8 
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The distribution of t is known to be 
A 


(en 2d .. (21) 
Lt 


where A is an appropriate constant. Making f—5 and denoting the 
distribution given by the cycloid (17) by p(x) we find that equation (18) 
can be made identical with 


p(z)dao — p(t)dt, .. (22) 
8a2 

provide J5 (28) 
and fy we (94) 

X 

Therefore, from (19), 

0 u 

tan imeem (25) 


Hence, substituting for 0 in (17), we obtain z cs a function of 


E ; thus 
X 


z—9a| tanl X .. (26: 
| x xi |’ ee 


the degree of freedom of x being 5. And the cycloid (17) represents 
the distribution of this function provided condition (23) is satisfied. 


CHITTAGONG COLLEGB. 


References 


Bhattacharyya, B. O , 1942, Proc. Ind. Sc. Cong., Pt. IIT, 10. 
McKay, A. T., 1089, Biometrika, Vol XXIV. 


ON A CASE OF SLOW VISCOUS FLOW 


By 
B. K. Roy 


(Communicated by Dr. G. Prasad—Recsived June 22, 1949) 


SUMMARY 


This paper deals with the viscous flow past a boundary with a bay in the middle 
and approximating to the resl axis on the positive and negative sides. With the 
given form of the boundary the deviation of the motion from that of uniform shear 
past a plane is obtained, first neglecting the inertia terms and next making a partial 
allowance for them. Comparisons with results obtained in other cases are given 
and the possibility of formation of closed vortices near the boundary is considered. 
The motion past a gap in the plane has been considered by Dean, but the analogous 
case of the motion past a continuous boundary of the type taken here does not seem 
to have been investigated so far any where. In this respect the paper is original. 


1. The modifications of a two-dimensional steady motion of shear 
past fixed plane due to small disturbances in the form of projections 
and gaps have been considered in recent papers by Dean. He 
considers the motion past a short normal projection in the plane (Dean, 
1980) and determines the modifications of the stream function 
introduced thereby and compares the results obtained with those 
of a later paper (Dean, 1940) of his where the motion is above 
a curved boundary approximating with the real axis towards the 
negative and the positive sides and having a normal cuspidal pro- 
jection in the middle. In an earlier paper (Dean, 1989) he considered 
the motion past & short gap in the plane, and here we give the 
results of the investigation of the motion above a boundary which 
has a round bay in the middle and rapidly approximates to the real 
axis on the negative and positive sides. The method used is that 
of a paper quoted (Dean, 1940) where we have a modification of 
a recent method given by Muscheliavili (1088). 


The transformations are considered in section 2 and the form 
of the boundary investigated. In section 8, we determine the form 
of the first approximation to the stream function, t.6., when the 
inertia terms are completely neglected. This is followed in section 4 
by the investigation of the function near the bay and at a great 
distance from it. We find the general distribution of pressure on 
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the boundary at distances of the order of the dimensions of the bay 
and compare with the other cases of motion (Dean, 1986, 1989, 1940). 

In section 5, we proceed to the second approximation by partially 
allowing for the inertia terms and find a particular integral for 
the second approximation. The complementary functions needed to 
satisfy the boundary conditions and those necessary for elimination 
of the singularities thereby introduced are found in sections 6 to 8. 

The effect of the disturbance at infinity in the second approxi- 
mation is considered in section 9, and in particular it is shown that 
with a bay as wide as the gap and the rest of the boundary differing 
negligibly from the real axis, the effect at infinity is identical with 
that deduced in the case ofa gap. Consideration of the possibility 
of vortex motion near the boundary in section 10 closes the inves- 
tigation. 





The boundary ABC is taken of the form as shown in the figure, 
1.6., having a bay in the middle and otherwise approximating quickly 
toaplane. The equation to the curve is taken to be 


— a 1 | 
Y= TELE” z pe ida? | 
the boundary being represented on the w=a+ 8 plane by the real 


axis. The transformation used is 


1 


sleet Ede TP (1) 
which gives vo 1+ 1 
a? + (1-- B)? |’ 
a? + B(1 +6 
= e t BO B). 


which clearly shows that the upper part of the s-plane above the 
boundary is represented by the upper half of the w-plane B > 0. 
We transform this half plane into the interior of the Unit Circle in 
the £-plane by the relation 


i+ WwW jmp 1 Ow 
e. (2) 
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so that 2 and £ are connected by the relation 





il-4£—-6? if 4 _ 7 
iini -i( 4, (1+é) 2) (8) 
We have 
dz i 4 
_jaga_fag\fae\ > 4a sepa ee? 
so that z=% -(&) (88 SEFE EEFE (5) 


where dashes denote the conjugate value. 
At & point of the boundary corresponding to the value =esp. (uf) 
we have 


zin S lur. sexe eoee ©. s 
z= tan aT COs 5 sin 9! GOB g' 
and there are points of inflection at the points 
NEJO 
TAL M 
5/8 
We have to find a stream function y, to satisfy the biharmonic 
equation 


aL ae 3 
o= + AU re z y 5 


-+ 
Oct 3y? 
such that on the boundary where ££/=1 we must have 


s ii Jessie .. (8) 


Ya en ) 
and a great distance from the disturbing bay it should be such as 
to give a motion of uniform shear. 

B. We write. Ji-y3 +x a i) 


where y2 gives the undisturbed term and x, the disturbing term, 
should be a biharmonic function. 


As usual (Muschelisvilli, 1988, Eqns. 8, 88 and 84) we take 
xe afi tyfa +g 


where f, fa, and g; are real functions of z, y or £, ņ such that 


fitam fs È g1 +g). 
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Then x js a biharmonic function and 


9 _ 1—4£—- 1t? (1 f ] 
ME = f(€) + Eri Teen I" (gy... (8) 


The boundary conditions give 


Ox 4. OX — 
EOD 0 on the boundary. 


Š 
We have  sy2—2!'— EXE on the boundary. 


Hence the boundary conditions give 


£41)? i—4£-—£? +1) 
AA P [utm ui ud Suum Heat o 


E+1 


We take the part —i (i si) of the first term of the above and 


26 
satisfy it by taking —i+/(£)=0, and r xa (€)} 20, 
i.o., (Qi, gi) - i. .. (8) 


For the remaining part, in order to avoid internal singularities, 
we pub f()=iké, k being a real numerical constant. Then the 


coefficient of £ is found to be (i 5 + s) so that by taking fi x 


we find a function g(£) which satisfies the boundary conditions and 
has no internal singularity. 


We find 


5 | 1 5£9—14£-928 
KE) 12 '* g(£) = 12 44 (Ep 05. .. (10) 


Combining (0) and (10) we have finally 
KE) sit z e 
1 "s 
g=- gmi CIR 


19 4+ (€+1)- 


(11) 
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e 
- These funetions satisfy the boundary conditions and have no 


singularity within the boundary. From g(£) now we have to find the 
function g}. We have 


lig i 8—14£-98 d, pgp BEI)? dy 
z's 12 4+(€+1) qe 9) 49) 4+ (E+ D3 ae") tgal. 


Hence v 


ntn -(E iite) 7 (12) 


where C is a numerical constant to be determined by using the 
relation y, =0 at ££-1. From (7), (11) and (12) we write 


yi =y? + kds fE} tg 


„aage twee plage eas 
2 


10 £41 e 3*1 2] +) B 





taAa 13 


erra) +20} (18) 


The constant C is simply determined if-for instance we put «0 
at f=~/=1, We find C=-—1}4. We write (18) in the form 


diss TUN per à- Erne +n) .. (44) 


Here we introduce the proper dimensions, supposing the flow of 
uniform shear is in the negative direction of x and the velocity is 
U at a distance l from the real axis so that we may write the actual 
stream function as Y, 


1-4p -gn simi. ie. Er 


V-4Ul,, e (15) 
where y, is given by (14). 


4. We have now to show that the expression for y, as given by 
(14) is of the right form at & great distance from the disturbing bay 
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o 
and also in its neighbourhood. Ata great distance from the origin 
|e | is large and £ differs little from —1. We put é= —1+ £g and find 


so that we can expand 


does (Eo + E's — S269) (1 — tog) 
i . 6368 


in descending powers of s and we find that the difference between 
y, and y? at a large distance 


2 
hee (E. A 2 [1-866 - 


does not contain any term in 2 in its expansion. Hence the condition 
ab infinity is satisfied. i 
To fnd the motion near the disturbing bay we write 
sz itinezp. (pi), 
$; being measured from the y-direction at s— —! towards the 
negative real axis. Writing &—1--£,, we find 


2 
= —r exp, (1) s CLP, (2154)  ............ 


2(19— 
and Yim Geto ez d Tt co8?9, + eee eee 

' This shows that the expression for yı continues to be biharmonic 
near the bay and that the difference from the undisturbed Eve 
w=y? is due to a factor 4 

We can find the en difference between two points yb using 
the expression u[ V1 |/ for the pressure at any point, the dash denot- 
ing the e value. We have 


__ 20 1 20 1 4 
vitinw Sat Vocum sepu s 


(10 — 20?) + 4(p cos & t p? Suet _ 4 
=F (24 —8p®) + 16(p cosp + p? 0829) + (1+ p? +2p008¢)? 38’ 


where =p ezp. («). 
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[ 
Hence 


[vty, Ve 20 pel o(1+p TE) 
: 8 (8—259)-- 4(p cos $-- p? cos?q) CE pP Upcosg] 


Hence; on the boundary p-71, we have 


sin é(1-- eos ¢) 
[Viva - IIT a $5 TTS *» 

To get the order of the values for the pressure difference at points 
comparably near the boundary consider the values at the points of 
inflexion D and E and at the vertex B of the bay. For these we 
have ¢=cos~! J, —cos™l $ and O respectively, so that the pressure 
at E exceeds that at D by 2:454 while the pressure at either of these 
points differs from that at the vertex of the bay by half the same 
amount. To get an idea of the general increase of pressure we find 
the value at z-— t3; the pressure difference between these two 
points is 2.66u. It will be observed that the values are of-the same 
order as those found out in thecase of motion (Dean, 1940) past 
à norma] euspidal projection. Further it will be observed that the 
pressure is in excess on the downstream side of the boundary where 
it faces the stream as is otherwise obvious. 

Now we proceed to the consideration of the expression for pressure 
in the investigation for motion pasta gap (Dean, 1989). There we 
have (Dean, 1989, Eqns. 4 and 8). 


p= yu 


2 EHE CE-D* V. 
21+ E)(1+é) (1—89(1—£0)* ' 


where the transformation used is 








mo 
i _ | ag!) a-a- 
giving T= | ae |" a eG aay C 
Putting y in the form 


1/ 1 1 1 l| 1 1 1 / 
y= Hate ede e + f(E) EIEN, 


we determine 





3—1374P—3 
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Hence the expression for pressure is 


p sin ¢(1—p*) h —( 

a a iat mag Sus EO ee 

Thus the pressure vanishes along ¢=0 corresponding 
on the s-plane, the same being the result with our pr 
too. It is, however, observed that the above expre: 


pressure shows an evident discontinuity, for as p >l ai 


to-wards an extremity of the gap, the pressure tend: 
while along p=1, i.e., on the boundary, it remains 
the value zero. The actual pressure difference of this 

motion we cannot compare with our mosion past 

boundary where evidently the pressure is everywhere fit 
infinity where itis zero. We leave the consideration of 
here and will revert to it later in section 9, 


5. We now proceed to the second approximation allc 


effect of inertia on the motion partially. The actual diffe 
tion of the motion is 


A(T, v*y 
Aap ae T] v 1 
VV in m, y)’ 
while the boundary condition is : 

ow 

WY = aa iae 

an 0 

on the ae We put * 
P= + Ws, 


where k is small so that the second approximation is give 


ky tw = OU) vi 1) , 


S(x, y) 
so that if we put ko ec x Reynold’s number, and 
v = 
Ya e $Ulys, 


the problem resolves into the determination of {he soluti 


Vive= we . 
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We change to £, £/ in the usual way getting 
82 (y, OMe =, (958.9 o ), oy, 
BEE | BEBE af GE ob BE! |” apop 


- | by e( Sh || 
“Dog (Paes Jr 09 


where I denotes here and subsequently the imaginary part of the 
expression following. Before getting & particular integral of (19) we 
shall write down the general form of a funetion satisfying the bihar- 
monio equation, 


: i 9? xU 32y Sb )=o 
EN EE j 


=f (£) + al). -. (20) 





so that 





E 


Substituting for J, another double TOU gives 


i-e ein - (£1) lisse etat. To 





agaf 


only, so that a particular second integral is given by 


jJ. 9 y. , 0 Ory, 7 
uu nd E: Sh e 


from wl ere as (20) shows we can add or subtract terms of the form 
f1(€) +/1(&) to suit our simplification. After dividing by J, integrating 
twice and some simple readjustment of the terms we .geb a particular 
integral of the form l i 


Sy 

EH jen "ej 

(en) antt Lia tene L 
4 &+1 2 2 


Now turning to (19) we notice i aE d7 91 Ja a function of £! 





4 El 





72 


5 2 ^) 606  (t-D*luinl 
Aller (x1? 8 e . (Q2) 


5. TTE | 
+ T -BE DP-E 40) + Ho e+ »| 
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This gives us & solution of (18) which by addition of suitable comple- 
mentary functions of the form given by (21) will be made to satisfy 
the boundary conditions (17) and so will give tbe solution of the 
present problem. Now, therefore, we turn to the determination of 
these forms. 


6. We take the terms in the first line of the above expression and 
write them in these form. 


, 6 
^U 2E jens ri. 


en MN etl 1, 4+(&+1)? 
E quje EC HM gk a eg | 


so that we can add terms of the form 


eet E pma E, «e| 


to the term (£4 Dg We take 


| _ gtd 
f FEE x 


_ 166% — 16 ,(£41) 
=~ ate 


and easily- verify that the above part of Ya then has the form 


9 16 M | 
alee i-is je EFIE * (X11) | 


odi panigi h 1, cod e (098). 


4 £-1 E+] 





This part, therefore, satisfies (16) and the boundary conditions (17). 
We next take the simpler set of terms in the third line for the 
expression for Wa, 


5 2 A" 6 _(E+I)?l y 
i al eo («p 8 Ken | 


and again write it in the form 


BEY eta inr ED | (£41) | 


72 (E +1)? (E+ 1)? 
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árid add. to the expression in the brackets - biharmonic term of the form 








I [e rep ety ZI 
bere taking f= 9+) EED, 
$0000 f= HE+ HET E 


80 that we may niat the required form” 


fas EE : | 
gw Vds * EE dios 


In the remaining terms =. 


zli- dh 1)? + Zw nef oe ED | 


we add to the quantity between the curled brackets biharmonic terms 
of.the form . i 


f 


2 m RN confit (€) fol 


where fs(£) =Ë "B(£)- P 8 x 


+ 


pari TER. (n d "(e 
: f£) ie £P ot guy 2C (6 eem. 


wé shall get the terms of the required form 


Bosnie. ..8 7 —  E(£) 
z; LEE’ » eer MSIE MN -B og en | 


PRI 1 —25£ +3 


! ey = 8 Ew 
AME C F T3 PFI PFEF | 


Hence we replace the remaining three terms by 
|... B 7 8 7 
sp LEEI)? 4———a he oo ee) ee 
g ite) | Tees EFE ~ ETH ENEI 


268 -—8: 
TAE D(5£3 + 22'4- 1) 


exl 


x log (25) 
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o 
d “fdétor d ih -the"Jogatithm -term- obviously not affetting thé bi- 
harmonic form of the added functions.. , 
Thus finally takitg- > (28), (24). md. (25) together we replace the 
particular integral (22) with the help ‘of added biharmonic functions 
to the form 


: INN M 
Va f IE i axes EH er nd 

1 16 mo 8 

~ rip Lee! — 1)? B gat €+ (E +1) "Ere. 


TIMER MT iie i 
derent 


3 íi 2 
sanera “ees t EPE  28(71) 





7 25¢'—B E+] 
TAR EFi ^ Er ise t+ 2841) | 4 | ier Nae) 


=Y, Before proceeding to the study of the expression (26) for Yg 
we have to eliminate the internal singularities of the terms -in the 
above expression for yg at the zeros of °? and 5£4+2¢+1 
all of which are interior to the unit circle. This we do by adding 
suitable complementary functions of the form given by (21) and having 
singularities at these points. 
Firstly we verify that the expression 


(e¢/-1)2 D-5 BB ond. ra 
CERTES jet + g apes TE +B} RCT 








(27) 
is of the form 
i © I iepa , 
where fs T 2D gso, 
D-5 Di 
Be. MAIO =. \o- 8)£9 + (6D - 4)£— D "Bp 
so that $»(£, f£ is bibarmonic. Further near £'—0, ¢p(f, €’) is 
of the form 
ey £)7 iE EN 
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If as particular cases we write M zd 


$o799(£, £4, $1 =r (6, &), eer (28) 


we find thata combination ko¢9+h,¢1 of ġo and $, can always be 
found which has the same form near £'—Ó as any function which 
€'=0 is of the form 


B 
I E T — E + (EEE EES ; 
The form of koot kip; near Ẹ'=0 being 


k 8k, —5k ^ 
14 M TN T r .. (29) 


In expression (28), together with a factor -ó the form near 
E=0 is 


B es estie ced E 
farge X um 2 = log 5+ 6.7 ten pe " 


el ( — 3-11 Lg s |l n1 La tog | 
zi jn > dese zten 5 TIME 


Hence if we take 


ky = —ł tan“! 4—4 log 5, 
(29A) 


ko =4 (an^! 4--log 5), 
we find that the expression (28) together with the funetion 
— gs odo kigi) | 


has near £—0 the form 


25 es cd ic d B 
ee SB —-—] weer AA. reri i 
~ $76 ais eo dà e | | 
| 1 vd AE d 
) 


and is therefore free from singularity at this internal point. 


Similarly the expression (25) near £=0 has the form 


5 _3 js 9 8 1 
—— 16 —— ] 9 r a par 3 
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and therefore we take 3 
k= -fs log 2, a 
ko =- log 2- ay, 2 


so ‘that expression (25) together with yb [UT free from 
singularity at £— 0, 


(29B) 


8. Secondly we turn to the — due to the zeros of the 
SIS. uu 9919921 
woe 5 

that €,, &; are the zeros ‘of 5E? TP and are conjugate to each 

other. - For shortness we shall write 


expression 5¢2+2£+1. We write & = 80 


A —25£4 —8, oc —í log 6, 


n- ja i 358. | fe- £y. B=} tan7)4, 


and A’, BY, their conjugates. Then it is easily verified that 








5 IL £ (25a — 208) — (80 + 148) 
aa LEE 2 (E+1)(56? + 2£ 4-1) | s^ (80) 
zc p D B pi 
72 AEFI © Earl 
5.1 p . 3£( 1), (p.19 1 
“ta 8 + Bate uen UP exl 
erem e 
alee "RET -ü el 


which is of the form 





H (B+ Bee e f3(D * fa(E) 9 [ E+- eS 


gi e 
€1 


Biers 
desde 


by making use of the fact that €, and £/, sre the roots of the equation 
—4¢2 — (£ l 1)?. 


This shows that expression (£0) is a bibarmonic. function. 
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e 
Now we can verify that the expression 


| Sree ys? 1299-8 — 0 
zal (6€ — 1) (Ex1) (B+ 3E 3 8) 5s 81) 


has the same form near €=£, and £=¢/, as the expression (80). 
Hence the expression (81) minus the expression (80) is free from the 
internal singularity at =é; and £/^,. Also the added terms are 
proved to be biharmonie and do not nullify the boundary conditions 
(17). These serve to complete the required solution of Wa, whose 
complete form we write down from (26), (294) (29B) and (30) as 


gg 
va qe - 0? -a cubes 


-per-a $i 1 16 FEN ee 
72 ^ EB HERE EFC He 


tei 1 Van tI i pg AHED 
J pirjen 2 9 5 2i 


vy. 





5 . B 7 ° 3 2 
nimee- deg? EFE — 3EQ) 


E 7 25£^—8 | Ẹ+1 
S101 (1 673271) [vto D l 





_ 65 " £ (25a — 208) — (Ba + 148) | 
alt D n | | 


B esr. 8 (8 
ANS tani kx. "3 108 B+ 1g log a 
8 


16, n1 4.9 | 
en F lg 5+ toga. 


where a= —4 log 5, B=tan7! 4, and $9 and $,, are obtainable from 
oe e 


. t 


| ce D-5 _,\, 8D. | 
par See Neral Br a Jr Z d (27) 


9. We shall now examine the form which the expression (82) for 
Va takes when |z | is very large. We know that at a great distance 


4—1814P—3 
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* 
from the origin č differs little from  —1 so that if we put $9—1-£ 
where £g is small we find 


9 | T 
=- exp, "el — 8 "E 2433 where gr ez p.(.0). 
e^ | E ) 


Ths terms in vg which ure predominant for small values of £g are 
given by 


Blu nal 2 5 16 E 
73 6 esas "3 (E+E 41)? | z 98 e+ | 





ERE MS 14 £ l : 
* ayer £3 
Since _ (Ee 1)" my *, for small £a, we get 
(E+ 1) (E! +1) j 
h= -Ejsis wes -o jr .. (88) 


This term is obviously seen to be non-biharmonie and hence cannot 
be eliminated by addition of simple biharmonic functions. 

We can, however, by introducing another bcundary y=c and using 
suitable boundary conditions find such a term as (88) as in Dean's 
investigation, but as is obvious, this term is a small one and if we write 


jy. 


~ 


~ pja (-in? o+- 00)) 


as yoo, it shows that this constitutes a small deviation from the 
boundary condition y. y? as y ~ co, the deviating factor being 


greater thon unity for B < 6 < r and less than unity for 0 < 6 XL 


We can compare (38) with that found out in Dean's paper on 


Motion of Viscous Fluid Past a Plane with a Gap (Dean, 1989). 
There we find (Dean, 1939) 


Buc 1 T 
T2 d. 48 (s n 204+ 85 +60) y . 
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It is directly seen that this is of the sime form as (88), the cooelficient 
being actually dependent on the introduction of proper dimensions of 
the bay. Thus supposing that the flow is in the z-plane where z=nlz, 
l being a length and n a number, we find that if the velocity of the 
undisturbed flow is —U at Y]. 


V, =n, 


_ ntl? U? 


áv 


Ur " 





9; 


i.e., the expression (83) will be replaced by 


2 5,2 
Wy -7 ps (sin 20+ 8x — 68) n?l? y? 
LU? bs? ,. UIT 
= oa (sin 90 4- 81 — 60) y?. 


Thus it is obvious that the actual value of Y depends upon the value 
of n we use, which gives the dimensions of the bay, Thus with & 
value 7 = ‘387 the above is very nearly the same as that obtained for 
‘the motion past the gap. In the paper quoted the gap extends from 
X=} to X=—l. Here we can show the smallness of the ordinate Y 
for the above value of n at X=! by means of the equation to the 
boundary 





Thus corresponding to X=} we have Y='07! which is sufficiently 
small to allow us to consider the point to be on the real axis. ‘Thus 
we conclude that the effect at infinity due to the gap is nearly the 
same as that when we replace the gap by a boundary of the type we 
are considering, 


10. We shall now consider the motion near the disturbing bay. 
We write as in section 4 


z= ~i + iti exp.(id,), 


Fo= ~T] CEP. (up) + TH eap, ep Vut t. =é], 
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Then we find that the constant independent of a in the expressions 
following, (E&E —1)? as its factor in all the terms of (82) is wholly real 
so that near £9 0g is of the form 


Va — (fE — 1? {A E +A Ea + AoE  .. ], ^ 


while we have found out that at the same position 


wy = (E&' — 1)? (d — 9 (£g + Ga) +.. )- 


Hence no combination Y, +l. of y; and Yo can make the coetbeient 
of (££ —1)? in Y, 4- lj, zero at £— !.. Thus we conclude that for no 
value of the velocity, or rather of the Reynold’s number on which the 
inagoitude of k depends, can there be a branching of stream line ~=0 
at the vertex of the bay. Therefore there can be no region containing 
closed stream lines that is no vortex just near the bay. 


Thus excluding the possibility of formation of vortices just near 
the vertex of the bay, we have now to examine the conditions at other 
points of the boundary. It is obvious that tl.e coefticient of (££ — 1)? 


12— (E 1) (£41) 


nerea has Do, zero an where 
BERDE D (9 DUQUem CRY 


in the expression for y, i.e 
on the boundary ¢é/=1. 


Thus we must exclude the possibility of finding some point on the 
boundary where the stream line $—0 will branch off, whatever the 
value of the Reynold’s number be. Rather our mference will ‘be, 
that given any value of the Reynold’s number, we shall find a point 
E=erp.{i¢) where the tem Pdepenneni of £ ^" m exp.(w) in the 


coefficient of (££' — 1)? in the expression for y} + ^ a will vanish thus 
giving us a yalue of am | £—ezp.($)| for which near $-—ezp.(u), the 
coefficient of (¢¢/—1) to the first order of | &p| will vanish, bence giving 
us a branching of the stream line y=0. We indicate the possibility.in 
ibis direction by considering the values at a particular point of the 
boundary. In the coefficient of (££/ — 1)? considering the constant term 
only, we find that near ¿=i 


yi e GE- Dh... 


Vo a (EÈ —1)*1 Uu RM EE Agha - 121og2) T ur 
Putting in the values of z, log 2 etc., we get 


1185 | 
= = a Im] 2 mae quo CHE ate a 
Yo (EÈ ) ( Od T 


/ 
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Thus with a value of k= 44 appa ee we shall get ¥,+hye of 
the required form 


(EË —1)?1 | 6. | (A cos am Ea * 8 sin.am£ .)+...}, 


which would give us a branching off of the stream line y=0 following 
of course with it the formation of a vortex. The value of k above 
is rather large, necessitating the investigation of the third approxima- 
tion, but anyway it directs us to conclude that with a not too small 
Reynold’s number we can get the formation of closed stream lines 
near the boundary. 

Another point is obvious from the above analysis. We know that 
the point $1 corresponds to = in the z-plane, i.e., to a point in the 
boundary on the up-stream side. In the value of Yọ the coefficient 
of Ya corresponding to €=—i, e— —& will come out positive while 
that for ¥, is positive too. Since k is necessarily positive, it follows 
that there is no possibility of the branching off of /—0 there, thus 
indicating the possibility of the non existence of vortex formation on 
the down:stream eide of the boundary. 


My thanks are due to Dr, Gorakh Prasad for his keen interest 
in the preparation of the paper. 
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A NOTE ON TWO SERIES OF BALANCED INCOMPLETE 
BLOCK DESIGNS 


By 
R. C. Boss 


(Received August 18, 1942) 


1. <A general combinatorial solution of the Balanced Incomplete 
Block Designs belonging to the series 


v=12t+4, b=(4t +1) (8t+1), r=4t+1, k=4,A=1 


v=20t+5, b= (5t--1) (4t- 1), r= St4+1, k=5, A=1 


has been obtained elsewhere by the author (Bose, 1989) under the 
restrictions, 


(1) 4i+1=p" 
where p is & prime. 

(ii) x being a primitive element of GF (p"), it is possible to find an 
odd integer a such that (z* + 1)/(z* —1) is an odd power of x. 

[t is the object of this note to show thai the restriction (ti) 18 un- 
necessary, since an a satisfying the given requirements can always be 
found. Condition (t) is thus sufficient to ensure a combinatorial solu- 
tion, 


2, The relation 


81 : 
g= .. (1) 
establishes a correspondence between the 4t elements of GF (p") other 
than 1-— 7*', so that to a given element 2, thére corresponds a unique 
y. From (1) follows 
4*1 


a e (2) 


Hence to y corresponds z, so that the correspondence is an involution. 


To 0 corresponds ~1=2?', The remaining 44 —2 elements of GF (p"), 
vig, 


T, et, a BTI ttl l, gi!7! ic. (8) 
are divided by (1) into 2t—1 pairs of corresponding elements. To 


show that we can always find ana satisfying the condition (ii) we have 
only to prove that at least one pair of corresponding elements are both 
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® 
odd powers of z. Let us suppose the contrary to be true. Then 
(since half the elements in (8) are even powers and half odd powers) 
to every even power of z in (8), there corresponds an odd power of z. 
Let t > 8, so that none of z?, z*, zë can be +1 or —1. 
m z?-4] + * 


z*-41 
z*—1] 





=r? + 7 iv. RO) 
rtd og ttl, . .. (8) 
25 —] " 
If z?—1-—2z!, then from (4) 
g—[mg20t041l. s UD) 
so that from (5) 


ety Jagr? D12— 3420*2 (hero m=l+i+t j). sw (8) 


c0--1 28+]  z*—2?41 


Now gee bal gh 
ge =]  z?-1  z*-c-z?41 





q 2m 3 x2? 


TIVE from (4) &nd (B). :9) 


| Henee from (6) E 


tcl ae sa -(10) 

Thus an even power of x corresponds to an even power of æ, which 
is & contradiction. This proves the desired result for £7 8. 

For t=1, 2, 8, it has already been shown in the author’s paper 
referred to before (Bose, 1989, c.f. Has. (7), (11), (i), pp. 885-886) that 
we can actually find an a satisfying the desired condition. Hence the 
result is true in general. 
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. THE RESULTANT OF WRENCHES ON TWO GIVEN SCREWS 


Bv 


C. N. SRINIVASIENGAR 
(Received August 14, 1042) 


§ 1. This paper may be regarded as a supplement or post-script 
to the method and results on this subject as expounded in R. 8. Ball’s 
Theory of Screws. It is well known that any given system of forces 
can be associated with a linear complex such that the axis of the 
lincar complex is also the Poinsot axis of the force-system. ‘This 
fact does not, however, appear to have been utilized sufficiently to 
obtain resulta connected with a given force-system, The present 
paper contains a few results embodying this outlook; and in particular 
discusses the cylindroid problem for the general case by a direct 
method as contrasted with the rather indirect method given by Ball. 

§ 2. Referring to a given set of rectangular axes, let X, Y, Z and 
L, M,N be the components of the resultant force and couple of any 
given system of forces, The null-plane of any point (£1, y1, 21) is 


L(z—-z,)-- M(y—y4)* N(e—-2)X(yz4 —y12) + Y(z24 — 221) 
+ Z(zy1 — yz1). 
Hence the force-system determines the linear complex 
Lpi Mps4-* Npg 472 Xpog t Yp31- + Zpis, - (1) 


where .p,, denote line-coordinates. That the axis of this linear 
complex is identical with Poinsot’s central axis of the forces may be 
verified analytically, and is obvious from statical considerations, since 
any plane’ perpendicular to the central axis is a null-plane. The 
equations of the central axis are usually expressed in the form 


L-—3Z-4-sY M-£2X-2Z N-zY-c-yX (2) 
X Y Z l B 
It will be useful to express these equations in the alternative form 
NY-MZ LZ—-NX MX -LY 
TX). YUrZ _ 9 X34 Y8 c Z3 » 5X3. Y9422 (3) 
Puts pei ec o Me era 


' . The polar plane of the origin with respect to tbe lmear complex (1) 
is Le+My+Nz=0. The intersection of this plane with any ‘arbitrary 


5—1874P—3 
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e 
plane through the origin gives a null-line of the force-system, Taking 


z+y+z=0 as this plane, we get the null-line 


XL "I NEN TERN: NC | aes 
M-N N-L L-M' 4) 
If r is the shortest distance between the lines (8) and (4), and 6 
the angle between them, the expression r tan 6 works out to be 


(LX +MY - NZ)/(X? + Y?+Z?), 


which is the pitch of the wrench associated with the given force- 
system. By a known property (Salmon, 1915) of the linear complex, 
the expression r tan Ü is the same for all lines of the complex. 
Hence we get the following: 


THEOREM 1. The product of the S. D. between the central axis 
and any null-line multiplied by the tangent of the angle between them 
is equal to the pitch of the wrench associated with the given force- 
systenr, 


$8. We shall now work out, by a direct method, the resultant 
of two given wrenches, and hence prove that the locus of the central 
axis of wrenches on two given screws is a cylindroid, The method 
adopted by Ball (1900) consists in, first, proving this result for 
the particular case where the axes of the two screws intersect at right 
angles, and then, showing that any two wrenches on given screws can 
be suitably resolved about a pair of intersecting perpendicular lines 
Oz, Oy so that the component wrenches about Ox have the same pitch, 
as also the component wrenches about Oy. 


Let p and p’ be the pitch-s of the two screws, and h the S. D. 
between their axes. By choosing the common perpendicular as the 
z-axis, and its mid-point as the origin, we take the equations of the 
axes of the screws in the usual form 


y=mz, 2= gh and y= mz, z= —$h 3. 5) 


where m= fan 4 , 0 being the angle between the serews. Any 
wrenches on the given screws can therefore be taken as 

oz X, mX,0, pX, pm X,0, acting at (0,0, 4h) 

w! = X/, —mX!, 0, p'X!, —p'mX!, 0, acting at (0, 0, — 45), 


the six quantities in each case being the respective components of the 
force and the couple, 
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By transferring the force-systems o and w’ to the origin, they 
become 
Oz X, mX,0, pX—-thmX, pmX+4$hX, 0 ee (6) 
CO = X/,—mX!,0, PX - 43hmX!, — pmX! —4hX!, 0. e. (7) 

The equations of the central axis of the wrench 0+AQ!, where A 
is any constant, are by (2) 

PX -FAp'X/ —4hm(X 4- AX!) d-ma(X/ — AX/) 
X+ AX! 
_ (PX - Ap'X/)m +4h(X —AX/) - 2(X Ay!) 
m(X —- AX!) 


^ 


= HRs medic AR), .. (8) 


Eliminating X and AX’, we obtain 


22 (2? + y) ~hey(m + z) prr (y? — m2r?) —0, ie 39) 
m m 
which ıs an equation of the form 
a(z? 4-92) az? -2gzy + by?, ee, 110) 
where a= dpbn(p—p), b= — D (p—), g=ih| m ERE uu (11) 
i 2m cM m 
We shall now show how to reduce (10) to the form 
a! (2/9 + y!2) = ca! yf. .. (19) 
From (10), we have : 
g — k= ET? + 2gay + (b ky? .. (18) 
g? 4 y? 
Put z — z! + ag!, y — og — y. .. (14) 


The equations 2/—0, y/=0O represent perpendicular planes. The 
right side of (18) will reduce to cay! / (a/9 + y!*) if 

 (a— k) +2ga+ (b — kja? =0 l .. (18) 

and (a — k)o2 — 2ga + (b — k) 0. .. (16) 


Equations (15) and (16) possess a common roof a if and only if 
Qi=-a+b, and in that case the two equations become 
identical. Taking this value for k and either root of the equations 
as a, the required reduction io the form (12) is completed by trans- 
ferring the origin to (0, 0, k), and using the substitutions (14). We 
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e 
havo thus obtained the cylindroid formed as the locus of thé central 
axis of the wrench 21+ AQ’, as A, X and X! vary. eee 


From (5) and (6), we also get the pitch of the wrench Q -+ AQ as 


(RAKNER —jhmX + Ap'X! —4hAmX)) + m(K —AX)(pmX + 
ghX —Ap'mX!—4ahB)}/{(K+A¥/)2 4-m2(X -AX/)2) 


which simplifies to the known expression 


p= — pX2 - A2p/X/2 4 AXX/((p +p) cos 0— n sin 6} (17) 
X3 4 2AXX! cos 64 APR? E 


-m 


$4. The expression (17) vanishes for two values of A for which 
the linear complex associated with Q+AQ'’ is “special” (Salmon, 
1915). The axes of the complexes corresponding to these values are 
the two directrices of the linear congruence formed by the pair of com- 
plexes corresponding to Q and (Y. In the case when these directrices 
are distinct, taking their equations as y—pyz, g=c¢0 and y=- pg, 
g= —c, the equation of the locus of the axes of the pencil O-4- A(/—0 
has been obtained elsewhere (Srinivasiengar, 1941) ın the form 


palz? + y?)=c(1+ p®)ay. * m (18) 

Comparing this with the process of reduction of (9) to the form 

(12), it follows that the point (0, 0, k) mentioned above 1s the middle 

point of the intercept between the two directrices made by their 
common perpendicular. 


Now, 
a+b —9)1—m? 


this vanishes when p.— p!, or when 6=90°, Hence we have 


THEOREM 2, The two directrices (or lines of action of the single 
forces included in the system Q+ AQ!) are equidistant from the given 
screws along thetr common perpendicular, if the given screws are at 
tight angles or have equal pitches. When the given screws are 
parallel, one of the directrices is at infinity. 


$5. Ifthrough any point, say the origin, we draw lines parallel 
to the generators of the cylindroid, and cut off lengths whose squares 
are inversely proportional to the pitches of the corresponding screws, 
the locus of the extremity is a conic which is known as the piich-conic. 
We shall obtain now its equation with reference to the cylindroid 
given by (9). 
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From (8', we have along a generator of cylindroid 





m(X —AX/)z l aia 

E cv d UN 
Hence X = mrt 1 
b ns AA! m — t 


The expression for the pitch P given by (17) becomes ' i. 


un ee um 
(m +t)? + (m — 02 3- 2(m3 — 13) cos 6. 


» At? ABEC 7 
2in*(1 + cos 0) 4- 209(1 — cos 6)’ 
where D= (p+ p’) cos 6—hsin 0, A—p4 p! —D, B—-2m(p— p’), 
C=m?(p+p' +D). vee (20) 
Let Q be the point (€, 7) on e pitch-conic, corresponding ‘to the 


(19) 


above generator, and let P= ——.. 5g , where O is the centre of the conic 


and Z is a constant. If ¢ is the angle between 0x and OQ, we have 
t=tan ¢. Hence, 


po m? con®. S cos? $t sin? T sin?$ 
2 xc ed Spek S I ecc 
eu UB a A sin? p+ B sin ¢ cos $4 C cos*ó 


Nh. ee AL(£9 +42) sin? 7 T 
= An? + Bey + CE? l 


The equation of the pitch-conic is therefore 
An? + Bfn + CE? =4 sin? $ = H, say ; 


i.e., writing z, y for £, y, and using (20), 
m*(ptp'rDje?-2m'p-peyt(ptpr/—-D)y —H. —— .. (21) 
The directrices of the linear congruence, 1.6., the screws of zero 
pitch are, as is well-known, parallel to the asymptotes of the pitch- 
conic. The axes of the pitch-conie, t.e., the directions of the screws 
of maximum and minimum pitch are given by 


- 


p? — y? dry 
D -—(p-t p!) cosg - poe p) sin 0 ' 


2y? 2my — 
LR zi. 
Or h p-p 





(22) 
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Bull has given the equation of the pitch-conic referred to its 
principal axes and the maximum and minimum pitches. The equa- 
tion (21) is more informative inasmuch as it gives the pitch-conic 
in terms of the constants p, p/, h and 6. 

There are two generators of the cylindroid (9) passing through any 
given point (0, 0. y) onthe double line. The radii of the pitch-conic 
parallel to these are given by ' 

[(p —p)m? — 2my |z? +h(L+ m4 zy —[p—p' + 2my]y? —0... (28) 

If we put y=k=(a+6)/2, the lines (23) reduce to the principal 
axes (22), as should be expected from known results and from $3. 
The bisectors of the angles between the lines (28) are given by 


SED VUE ! "o. (M) 
p-p- h 
an ¿guation independent of y. The lines (24) can be seen tobe 
parallel to the torsal genéra or~ of the cylindioid. To prove this, we 
know that the torsal generators correspond to those values of y 
for which (23) gives coincident lines. Hence they correspond to those 
values of t=y/x which make 


"T (p—p')m? + ht(1-- m3) — (p— pt? 


2m(1-4 t*) 


a maximum or a minimum. Hence 
(1+ £9) [(12- m 3)h — fp — 2t] —2t[ (p — pm? + ht(14 m?) — (p— pt] —0. 
aft (25) 

Using t= yíz, (25) BEES to (24). We thus obtain the following 
result: : 

TmugoREM 8. The radii of the pitch-contc, parallel to ihe two 
generators (or screws) that pass through any point on the double line 
of the cylindroid, are such that the angles between the radi are 
bisected by the directions of the torsal generators of the cylmdroid. 
In particular, the bisectora oj the angles between the principal axes 
of the pitch-conic are parallel to the torsal generators. 

86. The parabolic case. We consider now the case where the 
two directrices coincide, i.v., when the left side of (21) is a perfect 
square. "The pitch-conic reduces now to a pair of parallel lines. 
Equation (19) now becomes 

peo ttp Lc .. (20) 
4(1+ £2) gin? 2 
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If $ is the angle between the line y-íz and either line of the 
degenerate pitch-conic, or what is the same, the directrix of the 
congruence, 








B 
" a al+ B 
tan Bt an Bt 
rn 
Hence gec39 = (of + A904") 


(at + B)? coto ' 
Hence from (26), 
P= la? + B?) sin? 


0 
Å sin? > 
We have thus the result: 


TuronEM 4. Whena pair of given screws form a parabolic con- 
gruence, the pitoh of any screw of the cylindroid formed by the given 
screws is proportional to the square of the sine of the angle between 
the screw and the directrix of the congruence. 


This result is, however, really included in Ball's formula 
Pp, cos*¢+ pa sin?o 


where p, and pg are the principal pitches, for we can easily prove 
by considering the maximum and minimum values of the expression 
(19), that for the parabolic case, p, =0. 


$7. The theorems of §§4—6 admit of easy geometrical proofs 
from Ball's representation (Ball, 1900, Chap. V) of the cylindroid by a 
circle, by using the following facts :— 


(i) The pitch of any screw is equal to the perpendicular let fall 
on the '' axis of pitch " from the corresponding point on the circle. 


(i) The angle between two screws is equal to the angle subtended 
in the circle by their chord. 


(iit) The shortest distance between two screws represented by 
the points A and B is equal to the projection of the chord AB on the 
axis of pitch. - 


(iv) The torsal generators of the cylindroid correspond to the 
points of contact of the tangente to the circle, perpendicular to the ' 
axis of pitch. 
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| (v) Two generators of the cylindroid meeting on the double- line 
eorrespond to two points on the circle whose join is perpendicular to 
the axis of pitch. 


The reader can easily verify the truth of (iv) and (vj, while the 
rest are given in Ball's book. By using these results, the proofs of . 
Theorems 2, 3 and 4 of thia paper follow from elementary geometrical 
properties of the circle. The alternative analytical proofs set forth 
in this paper are however of sufficient interest, and may perhaps 
yield further metrical results. 
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ON THE EXACT DISTRIBUTION OF THE RATIO OF TWO 
MEANS BELONGING TO SAMPLES DRAWN FROM 
A GIVEN CORRELATED BIVARIATE NORMAL 
POPULATION 


By 
Purnsnpu Bose 


(Communicated by Prof. P. C. Mahslanobis — Received August 12, 1942) 


The frequency surface of means x and y of abivariate sample 
drawn from & given bivariate correlated population is given by 


df, y) e — ———— 

2ro1m34/ l— p? 

Lou (z-m4)?. 2p(z—mj)(y—m3) , (y—mg) 
2 x Em 7 omm T Rr a ] 


(1) 
where à, 0$, Mi, Mg, p are the population valves of 8,, 83, 2, y and r. 


In this paper I have calculated the exact distribution of y/z. Mr. 
E. C. Fieller calculated this ratio of two variates by a different method. 


Let us write AL. 
= a * c 
i,6., y-Ar, 


The expression 


(z—m )» 2p(z—mi)(y — Mg) Lr ma)? 
à Q 
Ty 


9109 Tg 


can be expanded and written in the form 


g. 
—9| 1 2pÀ , A3 -| m Tad 


after substituting jc 
or , —g22? —2bzr +62 
6$—1874P—8 lic 
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E 
where au dim + A | 
. . c; 0109 Cr 
po E PG ane F a HT) 
c; 0198 i cg 
JE , me emm: 
1 T 0102 ] 


The distribution (1) is now written in terms of A and 2 by the trans- 
formation y= Àg. 
The volume element dz dy is now changed to | z |dà dz 
| Ə a) | 1i 
9O( v) | [z] 





GB 





Thus the joint distribution of (x, A) is 


A 


df(z, X) yq ep -agea n |z] dide ... (8) 


n 
where Wee cce 
ArT 10e y l—p? 


-- 


Integrating m in (2) between limits —oo to --oc we can get the 
distribution of A 


I 


ito) en] enm |- ji- 3ü-5$y (a 28840 [2 | 2E 


o 2 
mo fom. |- (2-4) [e -x)| | x | da Ja 


eo 9 ; 
n =. D ub pm 


PT 


-4 ) aa, c. np 


ss 8 
c 
i 
aan S 
- 
il 
d 
di a 
ETIN Qu 
ae 
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3 
Let us put 2e us 
p I->? 
5 (82) 
`= 
in (8.1). až 
The expression (8.1) becomes 


ap 


IE |-$ eo ia 


= Jo -4 -e elaz fear {- $ @-pa ius 


w UD 





= X25 (1, (28) eL (7 v), 


o 


where L,(z) is a definite integral (British Association Tables, Vol. I: 
defined by 





I,(2)— dd wi ezp. -itra f 


Thus the distribution of A, ie., 3. is 
o 


df(X) =o / 9n|[ T4 (42.8) - I4 (— V a.8)]dA. ae (4) 


The above expression can be written otherwise as 


df(A) = y'o Hh, (k) + Hh, (—k)]da, e (£1) 


eae "n 53 


mma og 





vi=p? y 1/of—2pr/oyrgt d®/o§] 


and . HR, (2) = y 2r I, (2). 

The form (4'1) is preferable because in British Association Table, 
Vol. 1, detailed tables of Hh,(z) are available. For practical purposes 
we can construct suitable tables for different probability levela of A 
by ealeulating incomplete probability integrals from (4'1). Of course 
we have to do ib by numerical integration. 


STATISTICAL LABORATORY, 
CALGUTTA. 


References 


British Association Tables, Vol. I, pp. XXVIII. 
Fieller, B. O., Biometrika, 24. 


A MATRIX METHOD OF ANALYSING STRAIN AND STRESS 
IN HYPERSPACE 


teat 


By 
"N. N. Goose 


(Received July 81, 1942) 


The object of this paper is to generalize by means of matrices the 
analysis of strain and stress within a deformed body in ordinary space 
to an Euclidean space of » dimensions. ' The method adopted hinges 
upon the properties of certain new types of matrices already introduced 
in one of my previous papers (Ghosh, 1940). 

Assuming that the space occupied by an n-dimensional body is 
continuously filled with ‘ matter,’ let (4, $5,...24) be the components 
of the vector X to a definite point P in the body relative to & system of 
n orthogonal axes fixed in space. When the body is deformed let the 
particle ab P be displaced to the point given by the vector X+F, 
having components (@, +f, Zo+fo,..2at+/,), where the f’s are 
continuous functions of z,, 25,...24, admitting definite continuous 
partial derivatives. Fora particle at X + dX, in the vicinity of P, the 
corresponding displacement will have components 


fp + dfi, fa df fa dfa), -o 
where , 





dj,» 3 Sleazy, (r=1, 2,...n). . w 


Introducing the matrix * of (n -- 1)9 order 


To — da — das... —-üdz. 
l (2) 
dX = de 0 0 ius 0 
dz, 0 O uu 


dig 0 Ü uu O 


—— 


* Properties of matrices of.this type (2) representing vectors in n-spece have been 
obtained in the paper referred to. 
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to represent the infinitesimal vector dX and denoting by Ë the matrix 


eer 


70 0 0..'0 
o 9h 8h .. 8h m 
On, O Tg Ta 





o Sh Bln Ble 
Oz, Oc, Oz, 


—— ——— ———— 


of (n--1)5 order and by ©, its transpored, (1) may be expressed 
in the form 





dF=@.dX+dX.®,, .. (4) 
where dF i8 of type (2) representing the vector with components 
(dfi, dfar. dfa). 





On putting £ ST On and Q-1- 2 the above resolves into 
dE —£.dX --dX.£ c Q.dX —dX.0. ... (5) 


The displacement characterized by Q.dX —dX.O, where Q is skew- 
symmetric, is one of ‘rotation’ which a rigid body undergoes in 
n-space and has been studied in the previous paper. The displace- 
ment expressed by £.dX+dX.€£ is one of ' pure strain ' in 4#-space and 


will be considered in this paper. 
In what follows we shall regard the strain to be small so that 
matrices of the order ©? are negligible in comparison with d. 


2. Introducing matrix units denoted by e’s we may write dX in (2) 
in the form 


5 a+] i 
dX= 2 dz (651—619). vee (6) 


ttl 
Let U, denote the matrix = 8pp OF type (8), then the above takes 
Pu 


the form 
dX=U,.dX+dX.U,, ae. AD 
which 1s analogous to (4). 
Hence the displaced vector dX -- GF is expressed by 


(U, - ),dX - dX. (U, - 44). .. (8) 
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Now the length of the displacad veotor is given by the matrix * 


[-dX+4F).U,(dX+4F)]! 


which reduces to 3 
| -dX,U,.dX —24X.£.aX]*. 

Reprosenting the elongation at the point X in the direction dX by l, we 
have then 


= dX.. dX . (9) 
-dX.U,.d& 
If dX and d/X be two infinitesimal vectors at X in the unstrained 
state, the cosine of the angle 0 between them may be written in the 
form 


— dX. U,.d'X 
[ -dX. U,.aX]*[ -dX.U, dx]? 
After the strain, the cosine of the angle between them is given by 


-dX.U, dK -24X £.d/X 
(120 4 7) [- aX. U AX] L- X. U, dx ]* 


(1-1-1) cos $— ———— E 193 
[-dX.U,.dX]? [- d/.u,.dX]* 
The symmetric matrix € involved in the above formulae will be 
called the general strain matriz. 
Using matrix units this may be expressed in the form 


JP 


n4] 








E= 2X Bp-pa-10po QD 
Pg" à 
1 [ Of» , Of 
h md uu P+! |. 
where Sng =8on 2E s. 
Sinoe — pp Ui(ep1 7015)? Ui, 


— (epg 64 p) m (Cp) ~617)(891 219) + (691 — S19) $1 —012) 
where (0, —6, p) 8 are the matrix representations of unit vectors along 
the co-ordinate axes, (11) resolves into 


a+] 
£x — "Apa 16 91 —6,7)?U, 


a+] 
Z Sen tr9-1 (691 — 61 p) (891 ~ 819) 
+ (691-8, q)(@p1 ~ 61 »)l (p«q) .. (12) 


" * This ia of the simple type having only one non-zero element ej, the reat being all 
zeros, This has been denoted by Up in my previous paper, 
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6 
It follows from (9), (10) and (12) that the elongation in the direction 
of the co-ordinate axis-6p,—~6,p i8 8p.j,p-| and the cosine of the 
angle between the strained positions of the co-ordinate axes 6p; —¢)p 
and 6,4 —6,, 18 2851,51. 


8. In & pure strain, represented by £-dX+dX.é, there are, in 
general, n directions along which the infinitesimal vector dX is un- 
altered in direction. Let k1, k$,...k, denote the n real roots of the 
equation in s, expressed in the form of the determinant 


81177£ 819 Vas 81a =: 0, ex (18) 
81g 899 774... Bon 
814 ma ae 894 ^" esn Bn 778 | 


The required directions are then given by the mutually orthogonal 
unit vectors represented by the matrices B,, Bo,...B,, satisfying the 
relations : . 

&B,+B,f=k,B, (r=1, 2,... n). .. (14) 
Since U,B,£-0, we get from the above 
£U,B,— k,U,B,, 
whence 
£U,B?U, =h,U,B2U,. 


Now ib is easy to verify 


-— nnm 


- 3 U,B?U,- -U;. 


Therefore g=- 3 k UBU]. .. (15) 


The above may be called the canonical resolution of € into simple 
components. Each of the components is of type -kU,B2U,, where 
kis & small scalar and B is a matrix of type (2) representing a unit 
vector. This will be called a simple strain matriz of magnitude k and 
axis B. 


4, We shall now consider some properties of the simple strain 
matrix, 


MATRIX METHOD OF ANALYSING STRAIN AND STRESS 147 
e 


(t) It satisfies the characteristic equation 


E= ké. .. (16) 
(ii) The disptacement corresponding to it is by (4) expressible in the 

form * 

B 


dF=k B, ses (17) 


dX 
which is along the vector B. Applying (9) the elongation along the 
direction B is k. Hence the simple strain matrix is characterized by 
a ‘simple elongation’? k along the axis B. 








(iii) Any two simple strain matrices — kU,B$TU,; and kU, B3U}, 
having equal and opposite magnitudes, may be combined to form the 
symmétric matrix 


—9kU,(MN - NM)U,, .. (18) 


where M-PitBs s y=BiT Ba : 


* 


If D, and By be mutually orthogonal, the above is characterised 
by a ‘shearing strain’ in the plane of B, and Ba of magnitude 21. 
(iv) If B undergoes a linear transformation defined by 
AB -- BA, 
where A is the matrix of transformation of type (8) and A, its 
transposed, then the simple strain matrix is transformed into 
—kAB?A,. 
Hence £ in (15) transforma into i 
AA]. .. (19) 
(v) The displacement corresponding toa general strain matrix £ 
may be produced by combining successive displacements corresponding 


to n suitably-chosen simple strain matrices, the order of operations 
being immaterial. This follows from the identify 


U,+¢=U,— X k, U,B2U, 
r=] 
=(U; —k U BU Ui - 44U,B2U )...(U, -FaU BZU,). 
' .. (20 


5. Let us now pass on to the specification of the state of stress 
within a body in n-space. The ‘traction’ at a point corresponding 


* The ayinbol { } represents the usual scalar product of the pair of vectors involved. 
7-—1874P—3 
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è 

to a given direction is a vector estimated per unit of ‘content’ of an 
element of the linear subspace of (n—1) dimensions passing through 
the point having its normal in the given direction. If all the tractions 
at the point X corresponding to » co-ordinate axes be known, then the 
stress-systein will be completely specified for the point. Denoting 
a-direction through X by means of the unit vector L= (l, L5,...14), 
the traction corresponding to this direction is expressed by means of 
the usual formula 


Pil, Pals +... + PAL, iix. (21) 
where P, is the traction corresponding 1o the co-ordinate axis 
(6-153 —761 7:1). 


Considering the equilibrium of an elementary rectangular parallelotope 
at X, it may be shown (Westergaar, 1985) that 


OP, , oP o Pi 
ad + oF +. + t p, R= TT 
Oz, O25 Oc, WP Or (22) 


where the scalar p is the ‘density’ of the body at X and the matrix 
R represents the body force acting on the element per unit of ‘ mass. ’ 
Further, it may be proved that the component of P, along the axis 


(6,451,177 81 +1) 18 equal to that of P, along the axis 
(65.1, 1761, rs) 


Let the components of P, be denoted by Pir, pag,,...pa., then 
since P, =P; we can form, by considering all the tractions P,, the 
symmetric matrix of type (8) 


0 0 0 Hea 0 


iis 0 Dii Pie A Pin , LE (23) 
0 Pig Pog  .. Pos 
O0 Pin Pan ves Pas 


which may be called the general stress matrix specifying the stress- 
system for the point X. 


The symmetric matrix of type (8) 


—U,A?U,, xa (24) 
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Where A is a matrix of type (2) representing the vector having 
components (4, @g,...¢,) will be called a simple stress matriz. When 
expressed in the form (23) it shows that all the tractions at a point 
have a common direction A. Hence it represents a simple tension 
along the azis A. The magnitude of the traction corresponding to the 


A 
direction A is given by | l which defines the magnitude of the 
A 


simple tension. 
The symmetric matrix 
—U,(AB+BA)U,, ws (25) 
where A and B are matrices of type (2) may always be expressed as a 
combination of simple matrices of type (24) ; for, we have the identity 


à a+ Hy, - pA -reos | 


. (26) 
where g and h are arbitrary scalar quantities. If, in particular, 


- RE uc 


mutually orthogonal, 
It may be noted that (25) satisfies the characteristic equation 


of th 
vm { THRE 


A Bj (AjlB 
If A and B be' mutually orthogonal, x has & simple form and (25) 
will represent a shearing stress. 





A 
l the axes of the components are 
A) 


II-0, .. (27) 











6. Given the general stress matrix II at & point, we may obtain the 
traction corresponding to that direction which coincides with the line of 
action of the traction. If the unit vector L— (lj, ls, ..., lu) denote the 
direction and t the magnitude of the required traction, we must 
have then 


t.1,=Py_ly t pala vs Y Parle (rz:1, 2, eri n). 


‘here are thus n values t4, ta, ... t4, of t for each of which & direction 
given by the unit vector L is obtained. We have thus the matrix 
equations | 
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tL = OL, +L, (r=1, 2, ...n), 

whence, as in Art. 8, we get 

| " - X tU, LU. ai (2 


‘be above gives the canonical resolution of the general stress matri 
into simple stess matrices, the axes of which are mutually orthogonal. 
7. We conclude this paper by giving a step-by-step method « 
expressing a general symmetric matrix of the type (28) as a comb 
nation of simple matrices of type (24). The ases of the coruponer 
simple matrices are, however, not mutually orthogonal as in (26). 


Let us denote the determinant 


Pii Pig -e Pir 


Pre Pea -- Par 


(27 
Pir Par =- Prr 
by (L,) and by (L,.){ the determinant bordered as follows: 
Pre 
~ 
(b) Dg, (28 
Pri 
Pis Pos e Pri Pee 
Suppose (l))=p, 170, then if M, denote the matrix 
n+] 
È Prs sales 76) e Qu 
of type (2), we have 
U,M23U nad 
n=- SEs $ Wigan .. (80 
where p! , = (40113). e (BL 


Let (La) F0, then p's2250 and we can repeat the process in (80). 


X a+] 
On choosing Ma = Pa, ,-106,1— êi) .. (82 
im 
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(80) may be expressed in the form 


U,M$U, U,M$3U atl 

II-z-— U;MIU; bie! Maias Mori s H i: ct ys HS ` 

(Li) TITTEN s p IL (88) 
Pleas Pari 


LS 
which reduces to (Lig) 1 / (L4). 


Continuing thus, it follows thutif none of the (L,)'s vanish. we 
have finally 


D'aa Play 
where pl. = 








re —UiMfU,_UsMBU,_ 2 WMU gy 
(L4) (Lg)/ (Ly) (La) (Lis -1) 
$-—1 
n+] (L = Jr 
where M. D CU loai): .. (85 
xi Ey (6,1701) (85) 


When both pı; and Peg vanish, a modification in the firat* stage of tho 
above, process is indicated below. 


n1 
Choose M= X Pis 5~1(651— 912) 
gw 


"ei 
N=p19(@91—%1a) + T Pa, ,-1(601 7814); 


then (88) will be replaced by . 
A+} 
Heo SN eS i aed. ace UU) 
Pig 45 Ux 4 


where p! , , (Lg) t / (La) s (P129; 4, —7P1,P21 —P1iPas)/Pis- 


It may be noticed thatif only pj, vanish, the general process starts 
with the element Pag, while the elements in the second row and the 
second column combine to form & simple matrix of type (25) given by 


—M(¢91—612) — (€917 612)M, .. (8T) 
n+] 
where M= A PL pegs 7€ 13). 


* Such a case may arise at any stage in the general process and similar modifica- 
tion is to be adopted. 


152 N. N. GHOSH 


Remembering that a matrix of type (25) is always resolvable into 
a pair of matrices of type (24), it appears -that the minimum number 
of the component simple matrices of type (24) in the above resolutions 
cannot bé less than n. 
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FROFESSOR NIBARANCHANDRA RAY 


To the few is vouchsafed the mission of leading men and of being 
creators of thoughts and ideas which influence the life and actions of 
future generations of men and women. But the history is not made 
entirely by these few. Human progress in the long run is the 
resultant of contributions great and small made by individuals. In 
the field of education- we find on the one- hand masters who directly 
take part in the creation of the store of human knowledge, but there 
are others. whc by slow diffusion of this knowledge help to raise new 
generations of men and women with new idesls and outlook. Their 
sacrifice, devotion to work and encouragement of the pursuit of truth 
and knowledge are direct inspirations to the young people to whom 
they address. To such category must belong the late Professor 
Nibaranchandra Ray, Emeritus Professor of Physics, Scottish Church 
College, Caleutia, and the Treasurer and Member of the Council of the 
Caleutta Mathematical Society, who suddenly died of heart-failure on 
the 24th of August, 1042. In the present generation may be counted 
a large number of his students who will long remember him with love 
and affection as well as reverence, 

Nibaranchaadra Ray was born on the 20th of September, 1876, at 
Vasudebbaria, 3 village in the district of Midnapore, Bengal, as the 
third child of h.s father Ganganarayan Ray. The family had landed 
property in that district with a good income. Ganganarayan removed 
to the district town Contai for the education of his children. Young 
Nibaranchandra went to school at Contai. He left the school in 1891 
after the Schocl Final Examination (in those days called the Entrance 
Examination) with a scholarship. He then entered the City College, 
Calcutta, from where he graduated in 1805 with Honours in Physics 
and Chemistry, which in those days formed a combined subject for 
Examination, Later in 1896 he took his M.A. degree from the 
Presidency College, Calcutta. In his student days he came under the 
powerful religious influences of his time and became a member of the 
Brahmo Samaj ; iro 

The choice of profession by Nibaranchandra was characteristic of 
the man. In those days almost all young men of promise took to law 
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as the most lucrative profession. Nibaranchandra was also prevailed 

upon to study law as usual, He had bis law degree but never joined 

the Bar. Nibaranchandra started life as a Tutor in Science in the 

Bishops’ College, Calcutta. He was asked later by arelative why he 

preferred Teaching to Law. His reply «was: '' What could 1 do with 

money?” The youngman’s ideal was service and he remained true 

to it. It is not generally known that besides Science Nibaranchandra 

had interest in other subjects. He had wide readings in Sanskrit and 

History, and almost to prove his interest he actually took M.A. 
degrees in both the subjects quite in his middle age. 

In 1917 Nibaranchandra was installed as Senior Professor of 
Physics in the Scottish Church College, Caleutta, from where he went 
to retirement in 1989. In this position he had contact with a wider 
circle of Science giaduates and almost a whole’ generation of students 
has passed through his hands. He was for some years extra-mural 
Lecturer in Physics and attached to the Post-Graduate Department. 
His devotion to teaching is well-known. He had always given special 
attention to students who gave promise and spent a considerabie part 
of his leisure hours with them iu study and discussion. He wasa 
great supporter of the institution of higher study and Research in the 
University and in the Colleges and his encouragement for such work 
was almost unbounded. 

Professor Ray had an affectionate heart and a great capacity for 
making friends. He had a wide ciicle of friends and admirers who 
belonged to all spheres of life. "Very many people were attracted by 
his simplicity, devotion to high ideals, energy and enthusiasm. His 
insistence for straightforwardness and right couse of action sometimes 
verged on impatience, His uprightness is well-known, and earned for 
him the epithets “strict '", “ puritan, ” from his students. `- 


— Professor Ray had been an Ordinary Member of the Calcutta. 
Mathematical Society for over twenty years and had served the Council 
for a total period of about twenty years. Out of this he twice served as 
Treasurer of the Society for a period of years, and was also the Treasurer 
at the time of his death. His knowledge of law wasa great help to 
the Council which he served ungrudgingly with advice and other help 
on every occasion when such a necessity arose. In the Council his 
advice on all matters was listened to with great respect and had aways . 
proved to be valuable. I think he had the highest record of attendance 
at the Meetings of the Society and the Council. The punctuality of 
Prof. Ray was an example to his friends, 


M 
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Prof. Ray lent his helping hand for all improvements of the 
Society. The difficulties the Society had often io meet were many. 
But Prof. Ray was always ready with his help. Whether it was for 
some intricate financial arrangement, or legal advice, or for some 
difficulties regarding publication of the Bulletin of the Society Prof. 
Ray could be easily approached, and he always cheerfully placed his 
time and influence at the service of the Society. 

Professor Ray's connection with the Calcutta University was very 
intimate, He served as Fellow of the Senate of the Calcutta Uni- 
versity for twelve years and had been a member of the Syndicate 
(Executive Body) as Representative of the Faculty of Science since 
1982 up to his death, being elected for four consecutive periods. “The 
members of the Syndicate, Calcutta University, in expressing their 
sorrow at the death of Prof. Nibaranchandra Ray adopted a resolution 
which contains the following lines: “In whichever capacity he was 
associated with the University he made his personality felt by his 
unfailing assiduity, his genial temperament, his keen moral sense, his 
unfailing interest in the work he undertook and his sincere desire to 
render service to his alma mater, his fellow workers and his students.” 
We can finish here by saying that this also expresses the feelings of the 
Calcutta Mathematical Society at the death of its member Nibaran- 
chandra Ray. l 


ON PLANE STRAIN AND PLANE STRESS IN AELOTROPIC 
BODIES 


Bv 


S. GHOSH 


(Communicated by the Seoretary— Received, September 21, 1942) 


Introduction 


Because of the inherent difficulties in solving the stress equations 
of equilibrium, very few problems on the distribution of stress in an 
eelotropic material have been discussed as yet. Simplifying assump- 
tions are necessary and are, in fact, made by different investigators, 
for the solution of particular problems of stress distributions in such 
bodies. The earliest memoirs that have appeared on the subject are 
due to Boussinesq (1879) and Michell (1900s, 19005), and among the 
more recent ones, those of Wolf (1985), Okubo (1987, 1989), Huber 
(1988), Sen (1989), Green and Taylor (1989) and Green (1989) may be 
mentioned. Assuming an aelotropic plate to be in a state of general- 
ised plane stress, Huber (1938) has obtained the equation satisfied by 
the stress function. Green and Taylor (1989) have further simplified 
this equation on the additional assumption that the material of the 
plate has two directions of symmetry at right angles to each other in 
the plane of the plate. The solution of this simplified equation has 
been obtained by them and applied to particular problems of equili- 
brium of selotropic plates. A similar assumption of plane stress is 
made by Timoshenko (1940, p. 188) in an investigation on the bending 
of a loaded aelotropic plate. This procedure adopted by Huber, Taylor 
and Green, and Timoshenko is open to the serious objection that no 
justification has been given by the authors, of the simplifying assump- 
tions made by them. The only conclusion that ean be drawn from 
their investigations is that the. solutions obtained by them are solu- 
tions of the problems discussed, provided the aelotropic plate can we 
in g state of plane stress or generalised plane stress. 


It will therefore not be without interest to examine the funda- 
mental question, whether an selotropic body can at all be in a state of 
plane strain or plane stress, and if so, under what conditions. This 
difficulty does not appear in the case of isotropic bodies, where it is 
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customary to assume conveniently conditions of plane strain or plane 
stress, for the conditions of compatibility of the strain components are 
at once Been to be satisfied by such assumptions. These compatibility 
conditiona play an important róle in such discussions, and have been 
made use of in the following investigation. Necessary and sufficient 
conditions for plane strain have been obtained, and it is found that 
these conditions are satisfied in a large class of bodies and, in particular, 
in materials with three perpendicular planes of symmetry at each 
point, oné of which coincides with the plane of plane, strain. To 
avoid unnecessary complications, the case of plane stress has been 
examined only in bodies with three perpendicular planes of symmetry at 
each point, one of them coinciding with the plane of plane stress, This 
examination reveals the fact that the cnly possible stress functions in 
plane stress in the zy-plane are polynomials of the sixth degree in 
x,y. Such stress functions can only give rise io particular distribu- 
tions of tractions on the rim of the selotropic plate, so that the assump- 
tion of plane stress under an arbitrary distributiun of surface tractions 
on the rim cannot be warranted. l 

Bolutions are given, at the end of the paper, of some simple 
problems of plane stress, including that of the bending of a rectangular 
&elotropie plate by couples applied to its rim. 


— 


Plane Strain 


Let the stress-strain relations in matrix notation be (Love, 1927, 
p. 106) - = -7 o i l 


we 


X. C11 Cig wk au eS O18 A Gos 

Y, Coy C239... Cag Cry 

Z, a Hee er 6.1 a Xj 
P2 RE cens i ey, 

is | du uoneedsitevsvkvid us Cex 

Xy Cay Cagqeereesecs Cee iy 


rer— -——|—— | 


` where Cop™=Cpg (p, q=1, 2, ... 6). 

Let us consider a cylindrical body with generators parallel to the 
axis of s, and with its terminal sections perpendicular to this axis. 
Let us suppose this body to be in a state of plane strain parallel to the 
plane of z y. We therefore take w=0, and u, v independent of 4, 
so that 


= d Ow QU. Ou Ow =| 4l 
6,17 zz, LESE RE" 0, 6.2% a+ BILL (2) 
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and the remaining strain components are: independent of g. The 
stress components are linear functions of the three strain, components 
wid Cys and zy, and are all independent of 2, 


The first, the second and.tho last EIEANUHOS of (1) then Tm to 








X, are 013 -C16 || Sse 
Y,| =-| c31- C39 :Cg6 || yy | - - (8) 
Z, “Leer. Ceg C6gll zy l 


Denoting the determinant 


a 


2 Cro Cre l 

Cry Cig Sng 
we Cio Cg 
by e, 11; We Bee that C43, is the déterininant of the matrix of the o’s 
in (8), From physical considerations, this determinant cannot be 
zero. Solving (8) for Gee, €,,,.65,, WE get ` 


Sas C11 Cal Ceili 
Cigg Eyy Cho Cee Clea 
E MM 








Ky |. ; 
E (4 
Cie Cag Csga]l Xj] - 


where C! 54 is the cofactor of c pọ in o PIA and therefore O’; p=0' pe. 


Since the stress components are independent of s, the stress equa- ' 
tions of equilibrium moaute to 





 OXs, OX) aX, Y, y Xa oY, Eh ue, ae 
“a ey 0, a ar at "er (5) 


The first two. of these equations atonce show that the stress com- 
ponents Xa lg X, are derivable from a stress function X independent 
of s, by means of the formulae i 


y 3x E "eh 
* Qe?" i ordy 


Combining (4) and (6), we CAN express Crs, 6, y, Eoy in terms of x. 





(6) .. 


The conditions of compatibility of the strain components are (Love, 
1927, p. 49) l 





Pery A "s Oey. o O76 rs 9 Oey: Ol ee 9es, 
, ie- "7 + Tha 3 
CORP ta eye OyOs: Of ec Oy " Oz 








"Ae cd o 9*6, , ... O Deya Bss, Ory 
Gr? Qs? OLE : d 





Ozor 
! O76 pe e Ore rs =, O78 ey M PCT. — A Ob ys pber Bey . 
3y’ - Ox roy , Oxoy 
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9 
Since, in the case of plane strain, 64,,; 0y,, €,, vanish, and the 


other strain components are independent of 2, all the above conditions 
are satisfied except 


9? Cer ee CHATI 9264, : 
(Oy r? OrOy 
Substituting for the strain components in terms of x, in thia equa- 
tion, we see that x satisfies the equation 


Bx Oty | 64 
CaL Ari t 3 eL &r30y t (20, C's a) rg 


at ot 
-2C esas * C lye —U, oor (7) 


We have yet to satisfy the third equation of (5). In isotropic 
bodies, we have X,=Y,=0 in plane strain, but it is no longer so in 
aelotropic bodies. In fact, we have from (1), 


Substituting for Ces, 6,,, AL in terms of x iu these equations, 
we. gat 

9?x ax 

aU RR Pa MMC ES -0 : 

1264 8562-9 I^ ISO ar 1908 6.) 


~ 


9 
C1goY,— -Crs S ay Creo - Ouod 


Ae X,, Y, satisfy the third equation of (5), we see that x must 
satisfy the additional equation 


^ 


Oise X + (C140 - Cras) negl 7 (0124 * Caso) cg — Case A0. 





(8) 

* Therefore any solution of the equation (7) will not give the stress 
function unless it is also a solution of the equation (8). 
Let us suppose that the homogeneous polynomial 


X = Xa: agz" + aE 71g c... Hany" 


of degree n in z, y, be a solution common to the equations (7) and (8). 
If we substitute this value of y in (7), the left-hand side of that 
equation reduces to a homogeneous polynomial of degree n—4 in 
x, y. and has therefore n-—8 coefficients which are homogeneous 
linear functions of the coefficients Gg, 41,...,@,_ appearing in x«. In 
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order that the equation (7) may be satisfied, we must therefore have 
n—B homogeneous linear equations between the a's. Similarly, in 
order that the equation (8) may be satisfied, we must have n—2 
homogeneous linear equations between the G's. Therefore the a’s, 
which are n--1 in number, must satisfy 9m — 6 homogeneous linear 
equations in all. In order that this system of equations may have a 
solution other than a,=dadg=...—a,=0, the rank of the system must 
be less than n-- 1. Omitting the exceptional case of bodies, in which 
the elastic constants are so related as to make the rank of the system 
of equations less than 2n —5, we must have for a solution other than 
09 704 7... 2204 =, the condition 2n — 5 « n-F 10r n < 6. 

Thus, besides these polynomials of degrees less than 6, there are 
no other analytic solutions, in general, common to the two equations 
(7) and (8). Hence, in general, only some special types of plane 
strain can occur in aelotropie bodies. For more general plane strain 
to occur, the equation (8) which, corresponds to the third equation of 
(5), must be an identity, i.e., we must have 

O;587034,G070, Ci,g—Cigs, Crgs=—Case — . (9) 
Among the general class of bodies which satisfy the above soadi- 
tions, are those, for which 
(614764470947 0157085709570. ss. (19) 
This sub-class includes 
-(1) isotropic bodies (Love, 1927, p. 155), 

(2) bodies for which the z-axis is an axis of symmetry. In this 
ease the form of the strain energy ‘function W is given by (Love, 
1927, p. 160) 

QW = A(e2,4 e? ,)-FCe3,--2F(e, y terrors 
F2(A —9N)es se, ,-L(o2, -e2,) + Ne2,, 
ao that C44, Coa: Cga» Cig» Cap» Cas Vanish, 

(8) bodies with three perpendicular planes of symmetry at each 
point, parallel to the co-ordinate planes. For such bodies, 2W is of the 
form (Love, 1927, p. 160) 

Ae, - Bek, +002, +2F6,,6,¢ +266, ret 2H0,.6,, 
+Le?, +Me?,+Ne3,, 
so that the conditions (10) are satisfied. 

A general type of plane strain is also possible, if instead of the 
equation (8), the equation (7) is an identity, i.e., if 

Oly = Olgg =O g=O'gg=0, 209+ Cgg=0.- ... (11) 
2—1874P—4 


P 
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These conditions are probably not satisfied by. any material ocour- 
ring in nature., They are not even safisfled by the simplest of bodies, 
vis., the isotropic bodies. 


When the conditions for plane strain are satisfied, the displace- 
mente u, v are calculated from equations (4) which we write in 


the form 
fzx 8, Yer 61 || Xe 
ey 8 16 8/56 8g X, e j : 
where sp — C5, /C,54, and therefore $', p= 3! pg. | 
We have : i | À 


Bu oF 2 i 
^r = (819—531) Sho VI Hh oe, 





Ov o? Ory - - 
By = (ig — sas) Bat t'as VIX fao 


Introducing the function y, such that 


roy 


2 
vix = 2X sce (18) 
and substituting in the above equations and integrating, we get 


u = (819—841) Xag Soy zd 
7 ^ (14) 
v= (sigme ) LE SX Esas 2^ d 
the arbitrary functions occurring in these integrations being included 
in y. ; : : 
In order that the third equation of (12) may be satisfied, must 
also satisfy the equation | ` 





32? 9? 2 2 
3'99 ey +811 AS = 289g A + 28, I 


2 
dab Gielen = Ona mU pO X. lo (18 
(irt? eg 12 6a By (15) 


That the equations (18) and (15) for «y are consistent, is seen at 
once; if we eliminate V between them. We then get an equation 
for x, which is seen to be identical with (7), by replacing 5, by 
C' pa [O196. 
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Plane Streas 


To simplify matters we will consider only bodies with three 
perpendieular planes of symmetry at any point, which we will suppose 
to be parallel to the co-ordinate planes. The strain energy function 
of such a body is given by an expression of the form (Love, 1927, 
` p. 160) l 
Ae? + Be? -- Ce3, + Fo, 6,5 +206, eset 2Ho,4,0,, 

+Le?, +Me?, + Ne2,. 
The stress-strain relations are therefore of the form 


g O17 Cig C18 || Oxe 
Y, =| Cg) Cag gs ii yy i, 
Z, Cai Cag Cos jeer 


and Y= Cg gly er Zia — 05588 5n, Ky Cg gery, 
where Og p==C yg, 


Solving for 0,4, yy: O22, we get 


Ces 811 82) 831 z 
Eyy |=| 819 8999 839| Y, .. (10) 
Geel 1813 898 Sse IL Ze 


where 8,,:8p,. We can also write 





0 y ,77844Y ,. 812778557; Cay =8ggry- eae (17) 
Let us consider a plate of such a material bounded by planes 


parallel to the plane $0, which we take to coincide with the middle 


plane of the plate, and let us suppose that the plate is in a state of 
plane stress, parallel to the ay-plane, so that 


X,=Y¥,=Z,=0, | .. (8) 
throughout the body. 


Then Cy, 6, , 0. 
The stress equations of equilibrium are only two in number, vi«., 


OX, , OX, OX, , oY 
ILE 4. OV ou 0, ILE 4. =F zs, 
Or Əy ovr Yy 
which lead to a stress function y, such that 
» _ 9? : 7 .,0* Am 92 E 
afar iio P ge y 4 (77S T (19) 


Unlike the stress function in the ease of plane strain, this stress 
function is & function of « al-o. 
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We have from the equations (16), (17), (18) and (19), 


Au 9? 9? Ov Ox OFX 
ox = "ug tae ay 12573 + 839579 , 





.. (20) 
Ow _, O?y O?y Ov Ou, , OX | 
as 399 ''335.9 ' az" Gy CCm 
Let us expand u, v, w and x in powers of 3. Then since 
6y, 76,20, 
we can write ` 
u = uo #29 =p st ae m 
j .. (21) 


1.2 vo -pa -p L- 


w = Wotws +w? +... 
X = Xo +x1# *Xa8? +... 


the coefficients being functions of c, y. 


' Bubstituting from (21) in (20), and equating the coefficients of like 
powers of # from both sides, we get 


9 9 2 2 
E =o UE. cel er X0 + gy D Xo 

















Q* ^A -78|)9 273 2) 
93x 6? Ov Qu 3y 
104184449 +8 n = 4.77 02É—g 0 
1 "l9?9gy2 " ?*829' Oz '' gy eddy 
and for n z 1, 
19?w... | Iya Pyu | 1 Bwa- _. Ox, D yn 
Ta 23 —5113 2 iiis A gy? ; ~ "12678 * 899579 , 
Q2 : 32 x 9 gg? e 32 7 
(n+ 1)Wy41 — $1.2 + 893-8, Sa ea = 85H. 
(28) 


Putting n=1 in (28) and eliminating w, from the firet and the 
fourth equations and also from the second and the fourth equations, 
we get 





93 9? 
dti as + (2613 + 800) t = 0, 


98 9? 
PUTET uL = Q. 
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Differentiating: the first of these equations with pOBPERY: to. c, and 


thé second with respect to y, we can write l = 


9? | 9? 9?x PE. 
281] SSB) mene aa? zx) p 


f 


- 


9 b hee 
LE: = oxi +2899 2 lx 9X1 | = o. 
S Bay & 6z0y } B 


Tf these — are to be satisfied by non- -zero values of 


92 (Əy 92 82x, Bog vide Se 
8x3 | dry /' ey? 8z8y |’ D ow. IUE x 


" 


we must have . p V adds 
(2519 889)? — 4811899 = 0. 


As this relation between the elastic constants of-a material is not, 
in general, satisfied, we must have 


I 112 0, 8 [9| nt | 
"s i 2 By? | 8zGy mS 


aX) 
Srey: 


so that 
= Shey + 2ax+,2by +c ae 2 * 


and therefore 
xı 7 hz*y3 + az?y + bey? + osy + f(x) + g(y). 


The arbitrary functions /(z). and g{y) are to be found from the 
equations (24), and it is easily seen that thpy are polynomials of degree 
4 in the respective variables. Consequently, xı. is a polynomial of 
degree 4 in the variables x, y. 


If we put n=1, the third equation of (28):-becomes 
92 9 
2Wg = as gent TIT 

80 that wg is quadratic in a, y 

Putting n=2 in the equations (28), and proceeding exactly as 
before, we can prove that x is of the fourth degree in x, y, and w, 
quadratic in x, y. 

Putting n=8 in the equations (28), and remembering that the 
left-band sides of the first, the second and the fourth equations which 





g 2 a2 i 
Q^, B We QW are constants, 


contain only Gr? By? ? OxOy- we see that 
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07x53 ð EE 9? O^Xs TP T2 
; ; are constants. Hence y, is quadratic in æ, y. The 
Qc? oy? OxGy X3 q 


third equation of the set then shows that w4 ts a constant, 
Similarly, by putting n=4 in (28), we can show that y, is quadratic 
in z, y and w, a constant. 


I 2 2 2 
Putting n==5 in (28), and remembering that Aa j e , ml 


are each equal to zero, we see from the first, the second and the fourth 
equations of the set, that 








O8x5 _ Ə?ys .. 3 ys 
a3 0, Sys = 0. eroy = Q, 


unless the relation 8, 1555 —575 —0 holds between the elastic constants 
of the material. Omitting the linear terms in xy, which do not 
contribute to the stresses, we can take xs 70. The third Squash of 
the set gives wg =0. 


Similarly, we can show that x,=0, w;=0, and so on. 
Hence, we have, in general, 

X4 *-0 when n & 5, and w,=0 when n zx 6. 
Eliminating uo, v9 from three of the equations (22), we get 


. of 3t gt 
LO t (2era + 860) gags t aie = 0, 
i e -= 92 92 
where 0199 = 211 ; ay + ag _ 281g $86. 
S90 323 


The third equation of the set gives 
9?xX9 + 3915 5 8?xo _ LA 
a - 8gs Oy? 889. 


The right-hand side of this equation is of the fourth degree in e, y, 
so that 


Xo = Xo +a polynomial of the sixth degree in z, y, 


azy’ QV) ) 
where a 4 i ^ m0. . vc (26) 
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Binee, in -general; 813/895 is -not equal to a, or ag, the function 
/g does not satisfy the equation (25). Substituting for xo in (25), 
we see that we must take that solution of (26), which makes 


Cu oL a- o EP 
6r noy Jar as y s lo 


a quadratic in x, y. Hence y/o is of the sixth degree in x, y, and 
therefore. xq is also of the sixth degree in x, y. 


Thus.the only possible stress function 1s 
X = Xo * X18 + Xg39 + xg? + x44*. 
If 2h be the thickness of the plate, the average value of x is 


xs mJ ads = Xo t thing + TA *x,. 
Iu is of the sixth degree i in z y. 
Examples of Plane Stréss 
Let ug consider some simple examples ot plane stress. 
(1) Tension parallel to the z-axis 
ode ^0. otxpe4Tyhoxem Os MBL oe 
. Then X,-T, Y,=0, X,-0, 


80 o that the plate is stretched by & tension ann parallel to the z-axis. 
^ We have 


— pa: ^-^ — 


ou Qv Qu 


so that ` | Up 8, Te, "vorm 819 Ty, 


neeene rigid body displacement terms. Also we bave 
Wy = 87g7,. - WO, n = ə, 


Awo _ Iwo _ Pw 
s “get 7o wi =O LN x 
Or | n" omm by +o. 


. Hence, omitting rigid body displacement terme, 


uz8, Te, v8, Ty, 1058, 3 Ts. 


(2) AU fauna tension 


- - L 


Let X07 =4T (02 4 y9), Xn=0, n > E 


168 uu S. GHOSH : 


. Then ` X,-Y,-T, X,=0, 


80 that the-plate 18 stretched by an all round tension 2 Th. 
The displacements are given by 


U= (84, +8 o)Te, | tz(81g--8g9)Ty, — t (819-- g3)T*. 
(B) Shear 
Let Xo = — St, Xas70, n zx l1. 
Then X.—Y,-20, X,=8, 
so that the plate is stretched bya ghear 2 Sh. 
The displacements are given by 


ucidsggBy, v—isQgBm, w=0. 
(4) Rectangular plate bent by couples | 


Let Xo7—0, xj-az?*--by?, x40, n n. 
Then A,=3262, Y,—92as, X,=0, X,=Y,=2,=0. 
and uoc 2(8141b +8120) wa, v= 2(84 9b +8aoa)yz, 


= (3) 30 + 8940)2* — (8, 16 + 81 ga)x? — (8) gb + 8590)y?. 
If Bi, Hg be the principal radii of curvature of the surface into 
which the middle plane is bent, 


1  9?w ; 1 . 87?w, 
mox FAs beah. R, = ayo 
so that we can express a, b'in terms of Ry, Ry by means of the 
formulae 


= —2(8,95 +8994), 





. 8 8 
2(8118599 — 8f aa = —| —L-——2. |, 


2(81 18997 Sig)b = ics = nu? ) 


Let us apply this solution to & rectangular plate of thickness 2h 
with edges parallel to oz, oy. Taking the origin at the centre of the 
middle pl&ne, the components of force per unit length of an edge 
parallel to ow, are 


fx - xyi =o [34s =c 


The couple per unit length applied to the Jis 2-— constant, for which 
x is positive, has its axis parallel to oy and is of amount i 


A 
2 hs ‘fs 8 
$X ds =—-—, = 7239 _ 919 | 
Í i 8 811829 —819 (m Re | 


wi 
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The tractions: on the opposite edge reduce to an equal and opposite 
couple. The tractions on the edge y=constant, for which y is 


positive, reduce to a couple about the x-axis, whose magnitude per 
unit length of the edge is 


À 
2 h? 8 8 
—] ezYX,da = =, ZI Wado A i 
J á 8 8131399 — 51» (8 Ry 
The strain energy function at any point is 


W = (Xss tY yen) 


= 22 893 _ 2819 4- 811 \ 
2(81:1899—519) | RY RyRy Re / 


so that the potential energy of the plate per unit area is 
A \ 
[Was = ta 899 2812 31i] 
JN 8(811599—819) \ R? RyRy RE 
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. INFINITE INTEGRALS INVOLVING BESSEL FUNCTIONS (Il) 


By 
B. MOHAN 


(Received, September 14, 1942) 


The object of this note is to evaluate some infinite integrals m- 
volving Besse! Functions. 
We start with the integral diro and Watson, tua) 
EEn I'm 4-1)2/ * 5 ,7 d 
k, m T} +m +k) es k) 


1 
oo to a QM. 
=} 


Using the formula 


"n +4, Tie y 


M, MOL Fy(m—-k+4; 2m+15; 2), .. (1) 


where ,F, denotes Kummer’s generalised Hypergeometrio Funotion, 
we get, after a slight change of ane variable, 


m I'(g)e B-—w-1 peal, —at 
F; (a; B; @)= ott (1-1) à, .. (8) 


where R(8) > R(o} > 0. R 
Now, let 


i-e] 
20243 
I= f a TEQUE J (bz) j EF 1(o; 8; a?23)da, 
0 
where R(v) > —1andJ v denotes Bessel Function of order v. 


By (2) we have 
£m fv je a—1, atat 
I WE i zn. f. J Ed. t (1-1) di, 
where R(8) > Bla) > 0, RO) > —1. 


This double integral is absolutely convergent under the conditions 
imposed. Hence, inverting the order of integration, we get 


4. 2(8) ferent E ok dE — dtg? 
“Perea J | (1— t) ul. e J (bz)da. 
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Evaluating the inner integral by a formula given by Sonine 
(Watson, 1022), we get 


2t b" T) 
Vil wave’ T'(a)I(8 —a) - 


9 
x [ 79773 T be a 


du 


x oq 
P Sey a 
i M itu (uj 
we gel E dU un 
I b" (g)e 2/40” [zs um 
= Mt MR NCC — M— M (t. 
ZHI awt argo), tubra 


Evaluatıng this integral by a formula given by Whittaker (Whittaker 
and Watson, 1927) we find that 


«€ F 
[2*7 ba) Fi; B; 2223)dz 
0- f 
Cu ue p? 
e zÜ-a-iave-atÜpg.u l-civ—1a—18, )-Fl-- )ja--18| 49? | 


- 


where R(B8) > Ria) > 0, Riv) 2-1. 


By the Theory of Analytic Continuation, this formula will hold 
true if only R(B) 0, Ri) 2-1. - 


This formula yields several interesting particular cases, 


() B=vtl 

eo E 3.9 

fa vido J (ba) Ey (a; v1; a?z?)dz 
0 


* 


Dsl) 08/4 
gvtl—da ,av— 2a+2 I'(v—a 4-1) , 


where Riv) >—1. 


If we put a=0 in this formula, we arrive at Sonine's formula. 
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(ti) az —n, where n is a positive integer. 


Since 
E II? E: +1) (o) 


where L(? denotes the generalised Laguerre HEUS of order n, we 
find, on putting 8+1 for B, that 


forte — aa? J (bz) Li) (a32:3)da 


0 
ptt 6-1 NA P = 
m+ g^ t vt Bos P isqerin- —18,3v—1n—1i8 | 429 


— where R(B) >—1, Rb) >—1. 
(iii) Since n is & positive integer, 
iFiC-n; B; eje (70^ »II(9TS. X (2), 


where ''$. ; (x) is Sonine's polynomial of order n, we have, on putting 
B --1 for B, | 


^. 2p 
fe +1, dis J (bz)! 8(a?x?)dx 


f° 


i gn B av t "ok B 1s pmi 4 84-1) 


b? 
Wi borin-18, j-1- EC t) 
where R(8)>-1, R(v) > -1. 


(iv) Since, when n is a positive integer, 


og p Iü-n- B), -ie iey 
Fy n; B; z) Tü- B) ‘ Wn BB, $—18 (z), 


where W,, m denotes Whittaker’s Function, we have 


f ar TE tLe baw 


0 


nad qp de 


(-1y9y** 8-2, — 53/80" he 
= Cok ea Wi sivina -ieiti ar 
where R(8) > 0, Rọ) > —1. 
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(v) Using (1) we have, after slightly changing the parameters, 


F v— 2n — 4a? x? 9,.9 
f z , J (be)M,, ,,(a®ag)de 
0 


p tk- PD + 211)e —6?/8a? 


gm tk 3 qv—obET ADR e 4) 


b? 
i "d tiv-üm-cikh, itiv—-im-ih P ) 
where R(m)>—4, R(v)^ 1. 


(v) B=2a. Since 
F} (a; 2a; 2) e 222 CIT gefta T Q9. 


where I,,(x) denotes Besse! Function of imaginery argument of order 
m, we have, on putting a+4 for o, a3 for a, 


a. - _ á 
J P u ue d J (bx) (a?2?)de 


a 


Nu T ig uM 


givtie-i aot ds y 


p? 
tdv—8e, 4+4v—he | gaz | 
where R(a)>—-4, B()--1. 


(vii) Bz1. Since, when n is a positive integer, 
Fy(—n; 3; c)= Tnet? D (y Qa 
x pL gn V 4x), 


where C'gn(x) denotes Weber’s Parabolic Cylinder Function of order 
Qn, we have, on putting ay 2 for a, 


C vr1l,.-—a3z? 
J x e J p02) Do, (2az)dz 
0 


—1) njh—&, —b° [16a? 
ECT qvtnts Wa4dv+4n, +v- pler) 


where E(v)>—1. 
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(viii) 8-3. On using the formula 
PCj-9 -pde às 
Ey (—n; 8; jac i. e+ D V 2z), 


and putting ay 2 for a, we get 


(— 9993 
Je a J (bz)Do, „1 @a2)de 


a We ae 
Zavtgn+3 avtn +4 T(g--n)P(—-i-n) 


b2 


i be ae eee —j+dv—dn s) 


where R(v) —1. 
(iz) 8-22. We know that 
de 
F(q; 2; zer gg 42; 


where k,{x) denotes Bateman's Function of order n. Using this 
formula, we get, after a slight change of the parameters, 


f j = ~ Een? 
E E: a^ J (ba)k (a?x*)dx . 
0 ae: 
Eco d m. " 
qjP*tv-l gip*iv-à  s'tip-isv—iD| Ba? / 


where Ri(v)>-—1. 


FONDU UNIVERSITY, 
BEANARERS. - 
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ON A CABE OF THE CROSS RATIO SYSTEM OF A 8-WEB 


4 


By 
A, C. CnHovUvDHURY 


(Received September 28, 1942) 


1, The object of this note is to discuss the case of the cross ratio 
system containing a hexagonal 8-web and generated by another 
hexagonal 8-web. It is found here that the cross ratio system is 
reducible to straight lines in this case. Two distinct types are obtained 
according as the system consists of an infinite number of parallel 
pencils or as the system consists of two parallel pencils and an infinite 
number of pencils having the vertices on the same straight lines. 

A 8-web of curves defines a quasigeodesic system in the following 
manner. Besides the three pencils of the web, consider the pencils 
of curves which have a given cross ratio o with the curves of the 
web. ‘Through each point of the web there passes only one curve 
of the pencil having the cross ratio c with the curves of the 8-web. 
If the 8-web is u=const., v=const., and St = f(u, v), then the pencil 
having the cross ratio o is Des ef(u, v). When e is considered 


ap a parameter, a system of curves is obtained possessing the two 


fundamental properties : Í 
(a) Through each point, there pass exactly one curve of the 
system. This follows at once from the ‘existence theorem of the 


differential equation Tu =of(u, v). 


(b) Im kleinen, there passes only one curve of the system through 


two given points, 
The system of curves has been called as the cross ratio system 
of the 8- web and is indeed a quasigeodesio system whose equation can 


be put in the form 
d?u du \3 du 
dy rH ur dv 


For, differentiating Du mofu, v) 


ee dèu  f,[| du M f, du 
end eliminating c $5 " m ds 
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. If now log f=F, then .— —<ć ć : P 
Fal PB, mb ; 
so that the above equation is obtained." 

Now consider a special case and let the quasigeodesic systen 
contain a hexagonal web among its curves. Then by a suitabl 
choice of the parameters u, v, it may be so fixed that w= const. 
v=const. and u+v=const. are among the solutions of the differentie 
equation of the quasigeodesic system. This equation of the quas 
geodesic system must then reduce for this special parameter t 


the form 
d?u — du \2 du 
dpi s n) ( | tT 1 


Hence F,=F,=¢(u, v). - 

If this relation is now considered as n differential equation for . 
ahd is solved, then F(u, v)e j(u-r v). Thus the equation for th 
cross ratio system is l 


d*u — Mau V, dul 
does dv g do l i 


It wil be now shown that the converse statement is also correct 


For this purpose, put u+v=p and zi =q in the above differentis 
: du : dp d*u d - ; 
equation en y 7 ae ed 15 The above differ 


ential equation reduces to 


dq " » 
q d e(p)g(q — 1). 


^ 


Thus either q=0 or = 9(p)(q-2) 


The equation g=O0 gives the third pencil u +v=constant. Th 
variables are at once separable in the other- equation and on integr: 
tion, it gives 


q-1- c eV (P) where V(p) = f e(p)dp 


tö., du NEL + Y) : 
dv 
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loque she XM oss : TE : . dv 
Tf c=0, then 75 1.6., U= constant and'if c+ w-~then #0 
u 


Le., “v=constant; .Thus- among the solutions of the-differéntial .equa- 
tion of the quasigeodesio all:the pencils of:the hexagonal weh occur 


and o is the cross i of tlie e pencil ct see tt) with the pencils 


——— 


du=0, dyes 0 and ~ >- a DABAUN pu we get the initial form 
-of the equation:for-the third pencil if we puis doy fein o). Thus 
the: necessary and sufficient eondition that the oross ratio system 


"- 
am - s 


ofaB-web ` “= 


- € 


= 20 24 u 
du=0, dv=0 = f(u, v) 


may contain’ a hexagonal wéb wes constant, V — constant and u-rv 
= constant is that the differential equation of the dunaigeodesle system 
formed by the cross ratio system should be? = - 


~ d&u du M. du 
dui =at (- i) E i 


2. The equation for the syetem will be now expressed in the 
integral form. For this purpose, apply the transformation remp, 


— 
- 


v=q. The differential equation FEL becomes Pai 1 ofp). 


™ 


- 


M on ite ation, q — " ( )= constant where "i = pm TT 
d i If) 


the equation of the pencil. Thus T cross ratio system consists of 
‘the pencila.- .; , ; i Ew s 
p —q--oconstant, ject, q ae ene d—2, (pl=ons- 


tant where q is a variable parameter. It is at once evident that every 
pencil of the system is invariant for the parallel displacement 


q*=q +a i 
u p p. — E 
Let us now calculate the T of the B. web generating this 
cross ratio system, All the three pencils g=constant, p—q= = constant, 
and q —6,(p) constant are path curves of the three operators 


Aye ftp). Aye wp -im +8 8q 


* 
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so that A,-- Ag Ag —0. The commutator [A As] =A; As- 5A, 


, / 
is found to be F^; Supposing [A As] 2h54, — 51 Ag, heo 


and h,::0. Hence the invariant p is found to be 
n2 — ff 
pe Ash, -Arh DII " 


Hence, if p vanishes, f(p)—e*^*4, o, d being constants. First 
suppose that o0. Then for the purpose of integration put e*f?*4zzx 


£ 
1— 





and the integral is found to be E log On returning to the 


origina] variable p, 


6 1 go P*d 
20 eu og [moe PTT ' 


7 — coon d "e ES 
Now when 0:0, f=e m 6 (p) 154 


The cross ratio system consists therefore of the pencils 
' ugz-p-constant, uc —g-constant, tg=—g—-p—constant, 


u$ q-—6(p)-— constant and vc=q—6e(p)=constant, c being a para- 
meter. Between this web, there exists therefore a system of Abels’ 
equation 


Ug tupttg=0, uy tugt+ (uy) =, Uy Fug +O, (uo) =0. 


These pencils cannot be -reduced to pencils of straight lines for 
arbitrary 8c(p) But when @¢ is given by the above values, the 
pencils consist of straight lines. In this case the 8-web generating 
the cross ratio system is hexagonal. 


Wh 9 1 | g^ »*d 
en Gu og 1 


Xl st 20 the pencil u "constant -is 


og-k=log 2t d | k being the parameter for the pencil, 


iB., ef en" fag tg~ oP, 
Put o=log | and-therefore e** —1?; then B 
Bèl e eti oo, 
Applying the topological transformation 
galr 


y= 
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e 
the equation reduces to 67 * yer og. 


lfo <0, then put —c-log | and apply the topological trans- 
formation 
=l’, yml’, 


The same equation is obtained here also. Thus the pencils are 
finally 


Uy : £t»c0n8tant 

u, : y=constant 
z 

Ug : zo IHE 


Us : Z= constant 
otel 


u : 4 —— = constant. 
Fm 
The first two pencils are parallel and other pencils have their 
vertices all lying on the line y=0. 





In the other case wheu 0-0, 0 (p) p 4* The pencils become 
c l-—ce 

Ug : p = constant 

u; : -—Qq'*constant 


Ug : Q—p-constant 





ua : q~ Tert = constant 


UP RENE eee 
wd I pş constant. 





All pencils are here pencils of parallel straight lines. Thus these 
are the two distinct cases of-cross ratio system which contains 
a hexagonal web and is alao generated by a hexagonal web. 
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ON A OERTAIN QUARTIC SCROLL ASSOCIATED WITH A 
PAIR OF GIVEN LINES AND TWO GIVEN QUADRICS 


By 


V. R. CHARIAR AND N. CHATTEXUI 


(Communicated by the fecretary) 
(Received October 5, 1949) Eg 


1. Salmon has given the quartic scroll known as Cayley's first 
species or Cremona’s elevenih as generated by a line meeting a plane 
binodal quartie and two lines, one through each node. Inthis paper an 
alternative method of generating this scroll has been indicated An 
obvious exténsion of the method gives a sextic scroll having similar 
properties aa tle quartic. 

2. The equations cf n straight line contain four parameters which 
reduce to two «hen the line is subjected to two conditions, ¢.g., inter- 
seeling two given straight lines. If further the transversal of the two 
given lines cuts two quadricsin four points wbich form a harmonic 
range, the locus of the line is a quartic seroll of the type of Cayley's 
first species. ‘This scroll may be regarded as the locus analogous to 
the ¢-eonic of two given conics in a plane. 

3. Using tetrahedral co-ordinates, the equations of two given lines 
L,, L4 may be written as v=0=y and 20-1. Let the two quadrics 
be given by 

3, =(41, by, 6 dy, fir gy; hy Wy, Dy, Wz) (e, y, #, 0? —0 

Sg (a5, be, Cas dg, fa, Jo: hg, ta, Vg, Wa) (m, y, 9, t)7=O0 

Any trensvereal of the two lines Ly, Lg is given by c—Ay, s= pt, 
If this line cuts S,, 8, in four points in a harmonic range the condition 
18 
p? (Bor -2BgAÀ * Og) + 2u (A,A? +2B,A4+C,) 

+ (AgA? + 2B3A + 04) ::0 ie 3 
wheie Ag 74403 + 096, — 29199, Bo= eto. j 

This establishes a general (2, 2) correspondence between the para. 
meters A, & and therefore through sny point on either line Lj, Lis 
two transversals in general will pass. But for particular positions 
of the point, the transversals will coincide. The values of A for 
which the two values of u coincide are given by the roots of a certain 
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biquadratic equation and vice versa. Hence there are four such pointe 
on either line. Clearly the locus of the transversals ia the surface 
#9 (Aoz? +2B yay - Coy3) - 28t (A29 4 2B zy + C4 y?) 

i T (A52? --2B,zy + 0592) =0 sue (2) 
which has the two given lines as nodal lines—each point being a binode 


and the four points on either line as unodes, the 8 generators through 
the unodes as parabolic lines. 


4. Any plane through either line cuts the other in a point P and 
the quadries in two conics which we may refer as conies corresponding 
to the point P. The generators through P of the quartic scroll are the 
tangents from P to the ¢-conic of the two conics. These will coin- 
cide only when the ¢-conic passes through P and conversely. “The 
‘unodes on either line are therefore the points for which the q—conic 
of the two conics corresponding to the point intersecta the nodal 
line.” 

5. The quartio scroll (2) being given, the nodal lines L4. Lg are 
uniquely determined. But the two conieoida 8, and S4 can be chosen 
inan infinite number of ways so as to have the quartic scroll as the 
locus of the harmonic transversals. The co-efficients Ay, Bo, Co, eto., 
being linear in the co-efficients of either of the two quadrics, we can 
choose one of them arbitrarily and then the other is uniquely deter- 
mined. Hence ''the same quartic scroll will be generated if we start 
with the twoe nodal lines of the scroll as the given lines and any pair 
of quadrics 8, and Bg consistent with the conditions (1)." . 

6. The equation of the quartic scroll can be simplified by properly 
choosing the vertices of the fundamental tetrahedron. In fact, if four 
of the unodes, two on either line, be taken asthe vertices of the 
tetrahedron of reference the quartic equation in A (or p) for which the 
two values of u (or A) coincide will have one zero and one infinite 
root and hence AgO)=B§%, AgCo=B2, A, Ag=A? and C904 C1. 


Putting now Age + /Ogy =X and(/ Age, + y Ogy) —- Y, the equa- 


tion (2) will reduce to the form (Xo 4 Yt)? + 2 (2B , — / AC, — V AgCy) 
E(IX? + 2m. XY - nY3) Z0. 
^ If therefore the linee L4, Lig and the quadrics S}, Sg are so related 


that 2B, — y AgCa + V AgCo the quartic acroll degenerates into the 
hyperboiold Xs-4 Yix0 taken twice." We have not been able to 


interpret the condition 2B, = y AyC, + / AgC, geometrically. 
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7." The method outlined above can be extended to generate a 
sextic scroll by making the transversals of the two given lines cut 
three given quadries in involution. The condition that the line 
c=Ay, #= pt cuts three given conicoids 8, =0, 8g=0, 85220 in involu- 
tion may be written as 


n? (agbooodg)(A, 1)? + Jp? (ai b l c,04)(A,1)? + Bu(Agbg0gdy)(A,1)% 
*(agbgogdg) (A,1)9 20 ... (8) 


This gives a general (8, 8) correspondence between the parameters 
A, p and corresponding to any value of A there are in general three 
values of u and vice versa. Two of the values of u for a given A coin- 
cide when A is a root of a certain equation of the 18th degree. Hence 
in general ‘‘ through evéry point P on either line there are three 
tranaversals which are the tangents to the cubic envelope of the three 
conics of section by, the plane through the other line and P.” For 18 
positions of P two of the three transversals coincide and these are the 
points for which the cubic envelope intersects the line. 


8. The equation of the sextio scroll is given by 2°90, + 82r%tg, - 
+ B2t?7),+0,5=0, where 63, $$, Ya and eg are certain homogeneous 
expressions of the third degree in w, y. Evidently ‘‘ every point on 
either line L4, Lo is a triplanar node and the 18 points are such that 
two of these three planes coincide, Any plane not passing through 
L, or Lg outs the sextic scroll in a curve of the sixth degree having 
two triple points where the plane meets L, and Lg and the surface 
may be supposed to be generated by lines meeting the seutic curve 
and two lines through the two triple points of the curve." 


Patna. 
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THE ABSOLUTE BESSEL-SUMMABILITY OF SERİES -- 
- : c ' Bv A 
| K., CHANDRASEKHARAN ^: 
(Communicated by Prof. M. R. Biddiqi—Hecerved November 20, 1942) 


`. The object of this paper is to défine absolute Jy summability, and 
prove reaults in absolute summation analogous: to those established 
for ordinary Jz Summation in an earlier paper of mine,’ 
This study was made at the instance of Dr. 8. Minakshisundaram 
to whom I remain thankful. - 
§ 1. Definition. A series Xa, 18 said to be absolutely imamit 
Jp, or summable | Ja], 


if ihe series X Ga (nt), converges for t 70, 


and fe, Ht) = 3 nu" (nt) is of bounded variation In some finite 


interval S: the origin, where Ju (t) is the Bessel mr of 
order y, and 


i Ky (nt) -— 2, T'(u 4-1)Ju (nt) T 
(nt)ë ` 

From the definition, it will be clear that anbi | Ju L implies 
Summability Jy. 

§ 2. Theorem I. If Xa, is NUT |J, ], and the anoeta 
of the series : 

o. 
P ur a 

is such as to permit integration term by tein; then it ia ! summable 
| Jy |, for y > p, to the same sum. ' n fee Paget 


oe 


es We have, ro (5 - : 
^ ulet) - ZaQou(nat)- > uat eh rus 
Multiplying both aides of this by the function, 
"ert y Brig. (yr s- -l 
Ty- p) E 1) 
and integrating from O to 1, with respect to t, we 'e get, by a standard 
formula (Bowman, p. 93), 
al(y+1 -> : 2u +1 +2 Y-p-1 
To- TFD | oe 


: 
2I'(y 4-1) xi, | a (net PA * 1a im) Lag 
0 


~ 


TG- n) 1) 
me 2d Jay (nz) = $y (2). - 5» (2.1) 


4 
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From (2.1), we have, 
eo 2'(y+1) f petla TuT lat (22 
That is, 


2T (y-1 f E ipee 
l= T ARTD uA [i^ em-mÁ 71a, (u)dy. (2.3) 


Therefore, 


2 TY) — | ds )ylq y-a] 
pr! (x) = Po-TG „eit (1—13) dt. ... (2.4) 


Let by! (at) = - neal [o(xt). 


Then, from (2.4), we have, 


f éy (2)dz ek. i dx | eu (ot) t aT lat 
0 0 0 


1 
=k [ 839 yt f glend, 
0 Ü 


where k is a constant. 
Hence, 


L 
fiyo dz < TO [ uota 
0 i 0 


0 m 


é 
«i, [ 8619 r7 a fig tule 
0 0 
mo, 
sinceeO « £ « 1. 
Theorem II, A necessary and sufficient condition that Ban, which 
is aummable | Jpj, should be summable | Ju—1] ie that the series 


# LU) 


antag a 4109 = a 


- converges for L2» 0, and tp'alt) be of bounded variation in some defi- 
nite interval enclosing the origin. 


T(t t) 
! (t7 


mgt 
2 "um ala ju —J NI 


Proof : $ s 210-22, " Tp) 
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i t 
=9 (9-20 puro ELM Tpi? 
(nt 71 


vie oup" An * +1) 
a a s 


1 


wher ken. 
: 27 u(y +1) 
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(2.5) 


From (2.5) we observe that du—1(t) is of bounded variation in 
some finite interval enclosing the origin, if and only if í4/4(t) is 
a function of bounded variation, provided we note that the sum or 
difference of two functions of bounded variation is a function of 


bounded variation. 


§ 8. The relation between |C, r| summability and |Ju | summa- 


bility is established by the following. 


Theorem III. If Sa, is summable [C,r|, then it is summable 


| Ja |, for n2» 7 à. 


Proof: Let [r]=h, rz 0. 
n 
Let S(z)-— xa ,fornsecxncl, 
y=0 1 


and SO (x)= 





1 f —1:-l 
S J (x ) S(t)dt. 
'Then it will follow that 


(pr 
nuin = Tas] j 
i ikek 
Now, let 
o [s =] 
= (re) —4,;\hmr TCA + 1) 
xu J 8 (udu J (x -u)r DÌ x (etda. 
Set * Ji(t)= f (z— 6)*"*DO* Da (et) de, 
end V(t) = far od, .de 


^ This J, need not be confused with the Bessel function, 


[8799 fie- ujir D*+ Va (zt)dz, 


(8.2) 


. (8.8) 
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° 

Then, we observe that 
Tsou CT usaessas (8.4) 
visou ^ ^7 5, 88 U—> OO .. (8.5) 
anid | V.) 0(u P RTTE itjut]z.|, — ... (8.6) 
=O(urt’—1), if [ut | « |, sv (8.7) 


where ’ denotes differentiation with respect to t, as we shall prove 
presently. vl l " 


Integrating (8.1) by parts onoe, we obtain 


x, s (u) | @- d 


0 


es T 
» | 2 u wind ] (zu) DY Po, (zt)da (88) 


The first expression on the right side of (8.8) is zero, if we note 


(8.4) ; integrating the second expression again by parts, we have, 


ae 


x ur Es freni [oc mem 1 "s 


0 


f à Se y(w) fos , j A—rTyG +1) 
SEES oa ej "y (zx—2)^7^Df^* Da Vtde da. (9.9) 
The first expression on the right side of (5.9) ig zero, if we note 
(8.5); hence, we obtain, uae (8.8), that 
fd Bc (u) 


du «f 





x, 0 .V.(Ddu c <.. (8.10) 


From (8.6) and (8.7), we observe that V/,(t) — O(1), as 1—00, 


if tz» e, where « is an arbitrary positive number; and u* 








integrable by hypothesis, 50 that, we have, 


fd Bu) 
/ — losen "E : 
xi. (8) ae «d; V5. da | (8.11) 
fiho, 
Stu). d UC 
vat M fo f| 2 800 sel [ag Walt) jd... (6.22) 
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- 


Now, from (8:6) and (8.7); we see that 











- k i ? um 
Wi y(é) | dt = fouet foarti gos) at 
‘ 0 -°* E I 27 TE ` « 
=0()+ 00), . TN 
uniformly in u, since p > r+. l . E: l ae (8.18) 
Also, by QR Ea i | 
` i d Sc jf P ü s 
j T du < oo. .. (8.14) 








From (8.12), we therefore obtain ^ 


fhe, (5 “sji 


H , a Vi ind dt, 
« oo, 
by (8.18) and (8.14). 


~ Hence Xa, is summable | Jy | , for p > r$. 
For the completion of the proof, we have now only to establish 
resulta (8.4) to (8.7). 


d S {u 


e) 














j.) = j (e—a) F. DYMa, (wt da 


ob 
we PAt] gio? "fan. ^ *D(yst)dy 


E mth tl hort logy er H)- her * 


for|]st|z1. | fe a be 
Therefore, T, (t) = 00 TETS), ai eoo, 
and so (8.4) is proved. QE" 

Now | y(t) = IL rf (3,(0)ds 


p J O(a" ETS ds, by (8.4). 
vo? - m O(u BOA), 


so (8.5) is proved. 
* Chandrasekharan, loc. cit. 
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In order to evaluate the order of magnitude of V’,,(t), we shall 
first evaluate that of J’,(t). " 


, (02 f CN )a-r dors, en |, dz | 
don d erenen dx B 


Q 
= f e—a) ead ede f aqoa) rE athe 


7008 (e-a) at Daido eth faea) aaide 


a | 


Sait aiy nina Pets 
pitata [ug iram 
= ce iain gat) + 397r Mat), .. (8.15) 
where (2) = i (y- 17740 D(ya)dy 
im 13A r Ch) fy) 
and 20409 fw Aral +D (ye)dy, 
Now, we know that,* 
— ipit) 
Ec (8.10) 
Again wf. J =y% (8) - Va (s), say. e. (8.17) 
1+ 
1+4 
Now io Sk. | 71780 P(ga)dy 
14-4 7 


-0G07^75[| (-1^-4y 
/ | 


* Chendrasekheran, loc, cit. 
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=0( AHEM ^5 uuu i -- (8°18) 


And, ¥q(s)= f, (y - 177 s + 2iys)dy 
1*j A 


+ F (y - D te +2) ya)dy 


144 
Ja, 1 (8) + Yo, g (8), say. .. (8°19) 
Yari (6) - [a D ayy = ^77*1 bs 
-A-na f a tU (ys (y— 1) 7 "ay 
rei ^ 

=O(s TPH hr ie au .. (8:20) 
Ya, a (8) su t 1)-her, ifls]zzml .. (8'21) 

From (8:19), (8°20), (8:21), we get 
Vg) =O(e~ V * 1) 7 hn, .. (8:22) 


From (8:22) and (8:18), we get, 
Iye) |= oTt) A+ js au 1, 
sgg 4-7 +2) ils] 
Now, substituting (8:28) and (3°16) in (8:15), we have, 
(joe? 7 ^71 a PT 4) 4 of 727 g be h 


| os (828) 


-of BH BR +4) 


=0(t"-1), if} st|<|. .. (8724) 
Now, V,()— for Zio Olas .. (8:25) 
- [172,(] - 7 ferry ae, .. (8°28) 


Lj 


If | ut | > |, then, since | 2 | > | u | , we can substitute for J’, (t) in 
(8:260) the expression oq -^-3 Tet from (8°24). | 


Hence, V,'()=O(u “ATHY AHF), Ge] ut} 4, .. (8-27) 
which incidentally proves that (8°25) is justified. Thus (8'8) is also 
proved. It now remains for us to prove (8.7). — 

6—1874P-—4. 
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e 
Get | ut | < 1, and consider now, l 
Volt) = J 2 [7: (0]à». 
elstJ,( ej -fe 1J, (t)ds. ... (8°28) . 
The first expression in (8: 28) is zero by (8:4). Therefore 
a 


Vo(t)e -r f 27712, (tax | 


0 
which exists because J,(t)=O(t") as s—»0. 
, By substituting for J,(t), we have, l 


a on 
You or [prctio L 
Setting v=st, 


Vo(t)2 -* / dx.c^ / (y—-1)^7* eu D(ye)dy, 


whieh, ıs independent of t. _ ] "s 
Hence, V9(t)0 T ME EN 
| qM [ism 0t. un (8:29) 


We therefore have, from (8:25) and (8° 28), 


Wye) = i £2 [I ,r(0)]às. 


^^ 
— 


If | ut | «1, then et < wi, so that | £L |< 1; ‘hence substituting 
the.arder of J', (t) from (8:24) we obtain oy 

" | Vwi) | = O(urtr73), if | ut | <il, 
Thus (87) is proved. dos 


$4. TugEoREM IV. If e,(H) is of bounded variation in (0, oo) and 
the series es i 


Aa Ge t) 


converges m such a manner as to permit integration term by term, 
then Sa, is summable | C, 7|,-for a > uL 

-' Proof.. In the proof of the theorem, I use the following lemma: 
"If Xa, is summable |R ; n?, r], then it is summable [R ; n°, abe 
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+ 
This lemma follows from the second theorem of consistency for ab- 
solutely summable series proved by me* elsewhere. =- 


Let F(y- f: a (ote, (t Bul, 
Then, we can sear that 


syy-g-1 
F(o)- X pe dt a (ote (6 geet la 


n<w w? 
if y>2u +14}. 
Then, 
T-F(a)= f Qn+2)07# tla, quie (0) P^ Tat a (41) 
w 
0 


fa 2p 2 1 „(e 0s, (yeh 3. 
o 
which is justified, since gu(t)=O (1), and y > 25 - 14. 
Now, 


mo n Pe 
f wth * EA loto (t) puta. 


g 


0 ` 
of tem (a, (wt)dt _ . 


| «gue 22h tl [^ P (sp Tg „Edt. a (42) 


Substituting (4,2) for the nèčorid integral on the right side of (4.1), 
we obtain, ` 


qa 2 +1 f 9u42 Í 
(eo) m — o^" t g! (ta. (wt)dt. .. (4.8) 
' : J Tis 2 P : 
Hence 
fi P(e) | dass f- 251a à» || fe H+ Ry) (Da, (ut)dt ua’ (44) 
<f DAH a, faie (b a, (o)dt — .. (45 


* Chandrasekharan (4). 
t loc. cit. 
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= f e+ ip aa perme |«, (wt) | do .. (4.0) 
0 0 


which can be done since y > 24-4 14. 
Now, 


l 

" t 
fera la, (wt)| du — f+ 

0 D, 


Therefore, 


2u +2 f 2i 4-1 u 
t w lx (ot)| dw=O(1). 
|^". 


From (4.6), we thus have, 


[Pees f Ww (jo Qna. 
0 Q " 


« oco, s 
since ¢u(t) is of bounded y ariation in (0, co). That is, Sa, is summable 
(R; n2, y—4—1 |, for y > 2u-- 14, or summable |R; n2, r| for r > pth 
By the lemma cited above, Zia, is summable | R; n; {forr > u- 4. 
Theorems III and IV are ‘ the best possible’ as can be easily 
verified from the example given by Bosanquet.* 


* Bosanquet (2). 
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ON THE SOLUTION OF THE ‘ RASIER' WARING PROBLEM 
Bx : 
D. P. BANERJEE 
(Communicated by the Secretary—Received 14th Beptember, 1942) 
Wright (1989) defined v(k) as the least value of s such that every 


integer n canbe expressed in the form 
"n = zi ET. + eas Lrb—xil.g..2-—-i 


where f, k, 21, g ..... are integers 0 « r< 8. 
He found upper and lower bounds for v(k) for 2 < k « 20. 


Here I shall consider upper and lower bounds of v(k) for 
21 « k < 30. 


We know (Hardy, 1988) that if a}, @g,...¢,, b,, bob; be inte- 
gers and satisfy the equations 


S a= 3 br scmsck—2) 
fu rm 7 


4 4 
Zap $3 bp 
r=] rejl ; 


dn $ terea n) = 5 (ate (@+b,)"} 


à {ot+(eta,)*} F È {at+(e+b,)} 
for z £0 (lagm<gk—-1) 


Henoe S +a) 3 (c+b,)* = OC. D c 
$ amag 
where « is an integer and CO, =k{2 f a,*71 EJ bi71) 


then | 3 [ (z--a,)* —(z- b,)*] = D (mod C,). 


$91 


Wright has defined A(k, m, n) for the least value of e such that the 
congruence wf+2$+...+a'—at,,...—-v$=n (mod m) is soluble for 
every r(0«zr«s) and A(k, m)=maz, A(k, m, n), A(k) 2 maz Alk, m). 
Hence v(Kk)x92j + Alk, C,). 
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l E 
Ágain from Tarry's exainple?) 
[0, 4, 9, 28, 27, 41, 46, 60], = 
Here j=8 when k=9. i : 
Putting z=9, 17, 19, 8, 4, 1, 10, 7, 15, 28, 16 we obiai “7x60 
when k=20. 


[1; 2, 11, 20, 80, 89, 48, mns 


Putting 2-25 we gel j= 72 when k=21 
| z-96 : . j=89  k=22 
z=9 j-108 |  k-98 
4:99 je194 ^ k= 
2-92 ` j=188 k=25 ` 
- g=Bl - )2:152 k 926 
2-14 + j=l k=27 ` 
2-5 : j=289 k=28 ` 
com . . | j2808 kz29 
i COMME RN - 7=888 K=80 


We know. Cgo=28. 192, 173. 189. 112. 220, Bis, 57, 74 A 
Hence following Wright we have "T S 
Og, =21.25020, Cag™= 22.26021, 054529. 9 Coa 
+ 044:24.200535, Cag = 2b. 22094, Cgz=26.81Cq5 


Og, =27. 14 Ogg, Ogg = 28. 5 Ce71 Cag = 29 Ogg, ao 4 Qs. - 
Also A(21) 224, A(22)=11, A(28)=28 ` 
A(28)=16, A(29)=29, A(80)=80,7 .- ~ 
A(24)= 16, A(25)=10, A(26)=26, A(27)=40. 
Let us caloulate A(k, €) . RA 
(k=21) since 7¢= :49 is divisor of Co, 
24-8, (21)<A(21, Cy, )<A(21)<24 ME: ] 
(k=24) since’ 26-82 is a divisor of Co, 
16=8, (24)<A(24, Cay) SA(24)=16 
(k—27) since 8¢= :B1 is a divisor of Cay "T 3 
40-2856(27)x A(27, Css) AT) = 40 "e pai 
(k=22), The 11th power residues to mod 23 are 0, 4 1. 
To mod 11? are+1, £8, X9, 437; £81. ' 
To mod 28 are+2, +8, +4, +5, +6,+7, +8,+9, +11. We find 
Sq (22)=Ag (22) —2. 4414 (22) —041(22) —4. 894 (22)= Pia 4. 
Hence (22, 059) <4. 
(k=25)+1, +57 are the only ath power T of 63, 
the least number, of 25th powers whose algebraic: sum will bé equal i 
to any residue of 59, is 24, m 
Hence C (25, 53)x524, l iA 


1a Tw. 


Hanes 
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(k=26)4+1, +22, +28 are the only 26th power residue of 18%. 
Hence the least number, of 26th powers whose algebraic sum will be 
equal to any residue of 182,-is 10. 
Hence A(26, 23, 189. 20)<10 P 
(k=28)+1, +8, +19 are the only 28th power residue of 7?. Hence 
the Jeast number, of 28th powers whose algebraic sum will be equal 
- to any residue of 7?, is 6. O+1 are the only 28th power residue of 24. 
Hence the least number, of 28th powers whose algebraic sum will be 
equal to any residue of 24, is 8. i 
Hence A(28, 2*. 77)<8, 
(k=80),+1,0 are the only 80th power residue of5?. Hence the 
least number, of 80th powers whose algebraic sum will be equal to 
any residue of 5%, is 18. 
Hence A(80, 28, 89, 52)«:18. 
(k=28)+1, +28; +42, +66, +118. +180, +170, +177, +195, 
+255, +268 are the only 28rd power residue of 28. Hence the - 
least number, of 28rd powers whose algebraic sum will be equal to 
any residue of 28%, is 9. - 
Hence A(28, 282.81)9. 
(k— 29) +60, +68, +4, +187, +190, +221, +286, +267, +270, 
+874, +416, +1 are the only 29th power residue of 20%. Hence the 
least number, of 29th powers whose algebraic sum will be equal to 
any residue of 207, is 6. Hence A(29, 29?.3)<8. 

Let M be the least value of C, for which A(K, M)=A, C,). 


+ 


M Lower bound | A(k, Ok) ] 







Upper bound 





7 24 24 72 
93.111,03 11 
28 qa! 33 9 108 225 
04 25 16 16 124 064 
25 53,99 — 10 24 188 800 
26 2* 181.29 20 10 169 914 
27 gi 40 40 184 408 
28 94,73 15 8 289 486 
99 393.81 0g — 6 908 699 
30 93 935% 80 ` 18 888 689 
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ON H. PONCIN’S PROBLEM 
By 
H., Srroar 


(Received July, 1949) 
1. Introduction 


H. Poncin studied with profound analysis, on the classical Newtonian 
hypothesis relative to reciprocal action of two contiguous fluid elements, 
the unsteady flow of a viscous fluid in a cylindrica! capillary tube. 
The condition of initjal equilibrium which he assumes, appears to me 
to be quite unsuited to problems of his type. As there is no means 
` of ascertaining, due to international war situation, whether he has 
onrrected himself since, I have thought it proper to publish my own 
observations on his otherwise admirable discussions. 

In what follows (i) the impossibility of the assumption of an initial 
equilibrium is demonstrated and (ii) the unsteady motion that sets 
in when a steady flow breaks down is examined. An expansion has 
to be effected with the aid of Cauchy’s Caleulus of Residues and for 
a possible motion, the discontinuity which characterises Poncin's 
problem, disappears. e 

Many of Poncin’s results born of very deep calculation have been 
utilised and many of his notátions have been preserved here. 

With Poncin’s device of a viscosimeter and his choice of axes of 
coordinates, Navier-equations for symmetrical motion under gravity 
in filaments parallel to the axis of the capillary tube; take the following 
forma :— 


Op _ o 
Ox a ave (1) 
ap 
— + 6=0, .. (2 
gi tgp cos (2) 
Op v3 ng BU 
T t ug v3 w +gp sin 0 aE’ w. (8) 
: Ow : TM 
with Lr —0, as the equation of continuity, we (4) 
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Considerations of the hypothesis regarding change of pressure in 
the two cylinders of Ponoin's viscosimeter, coupled with the inferences 
deduced from the above equations, lead to 


Op» _ 9 Hot (i4i 
F plasm eis » (evo TT (5) 
f a i 
V() 9s f f rand, .. (8) 
0 0 
where H, H,, He, a,, dg, V(t) are quantities with Poncin's signi- 


ficance, whence the equation (8) is reduced to the integro-differential 
equation 


Lo ð ( BY nin p+ H+ Hy tHe 


-rt Or\ Or 
oat od Pur 41| 9o 
TEFA f jon - Oat ) ma (7) 


which, by a change of variables r?=a?u,-is transformed to 








a, LWI+8 = 0 T (8) 
2 2 
wh cre diim =; , vo = coefficient of viscosity | 
0 Vo 
Qe nd 
ý , Avy a? ai 
i . (9) 
94 ^i 8 Hemes | 
B a js d | 
and ante" oP). a -À i} dudt 


with w=0, on u-1 as the nhá PEE A of et to the 
sides of the tube. - 

Enumerably infinite solutions of the integro-differential equation (8) 
satisfying the given boundary condition, can easily be constructed, 
as Poncin bas done, in the form 


-zi 


^" 
wo 2 c.f (u)e fa? ASD A uu 





where f, d [Jo(z, yu )— —J(2,)], i=], 2, 8, 


mid ole) TEE 
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e 
and z,'s are the non-zero roots of the equation 
u(x) = Qud 4 (x) - z(z*  u)Jo(z) -0, 16222, 
which originates from the boundary condition. 
When p does not exceed a bound, z,’s are non-repeated and real.* 
The functions f, have, amongst others, the following properties :— 


(t) P (4) —0, u=], 


il 
pask 


i) fidu 
0 


(iti) f f(u)du a (eth)? -Burt | 
0 


4x, 8 
(iv) ftii o ty QUE, 2,...... 
0 Ti z? -iEk, 


2. Impossibility of Initial Equilibrium 


Poncin seeks to satisfy the initial condition of equilibrium by a 
linear combination of a finite or enumerably infinite number of the 
functions /,. This is proved below to be impossible, as the functions 
are linearly independent, In fact, the properties (i), (iv) show that the 
functions are nob orthogonal; the discovery of a biorthogonal system 
to establish their linear independence is nob immediate. But the 
properties alluded to above reveal this important structural information 
in a very short and simple coup, as follows :— . 











.g,? i 
Let w -X Cf. (u)e da? , ^,finite or infinite, ... (10) 
C's are constants. . 
Then, E 
8f, at 
is : 4o? aud 
; a+ So Een i fre a at| 
Em t 
B n d| 8f, p Al Ia 4a?A 
n HE ps x, e x, ? 
= B- £3 0,/a,%, p= 1602A, (11) 


* H. P. Section 2, p. 180. 
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: a 
; d [. df, £2 4a9A — o 
since ete a1 the um eO 21,2; 0} en 


The assumption of initial equilibrium, or what is the same thing, 
as linear dependence of the functions f,, leads to 


0 = x O,f(u, foreveyuin Oz uml —. (12) 


The series on the right is assumed to be uniformly convergent in 
O0 x u< iI incas n=, 

Whence integrating term-by-term from zero to unity, we have, by 
virtue of the property (i), 


o= X, - .. (18) 


Again, multiplying (i?) by f;(u), integrating term-by-term from zero to 
unity and making use of the properties (titi) and (iv), ono would have 


t- i)? —8uz? M 0 
02€ (zi tp)” sk Oe Sie zl, T 
EET. P A 


(3/ extends over all values of k except i): 


14 2 .-19ux9 n ( 
Exe (x4 +p) l2pz; P E : 
ác a? i c 2 





ag etl iar 


` 48 
lağ.: +o from (11) 


2 
whence, since wu!(x,)= adole [6t +m)? 1292] T0, 


x,’s being simple zeros of u(x), 
C, = —168zt|i(zf--u)?—12uz3], (at +p)? —Lopx? FO 


zx n: a tl 1 — ues . (14) 
N 8p zt-n—-24Bur, x4+u+2y BuT, 
<= 0, i=}, 2, ory T, > p 


Every O being negative, the equation (18) cannot be satisfied, in- 
validating the assumption of initial equilibrium or linear dependence of 
the funations f,.  Poncin's idea cannot, therefore, be realised. 


* We have supposed that f.'s have been constructed corresponding to positive z's. 
i 
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8. Possible: Motion 


If, however, the initial condition be w, . o= Kiley i=], 2, ..., where 
a, /x?=4B8/u, w would have the form 


e: 
74.43 
wom a,f,e 4a i dl, 
et 
A n -gt 
If we assume w = A C.f,e , n, finite, 
; “1 
then according to (ii), we must have 
os., 
te] Ti a 


There would be infinitely many solutions with the same members 
of the f,'s, as (1 —1) of the C's can be chosen arbitrarily, while the 
remaining C can. be determined from the above equation (ii), when 
one such selection has been made. If the initial condition be 


a a 
W pny ™ 3 fe then, we should have a (C,—a;)f;=0 and conse- 
4- - 


quently C,-a,(i—1, 2, ...) on account of linear independence of the 
functions (proved above in 2). Thus «,'s cannot be arbitrary but must 
satiety the condition 


- A a )^ 
zo 7 
~ as! 3 Cı _48 
F n=00, ee C 6 ; here í =, 
or : oo 3 ifi W ce p 
The unsteady motion that sets in when a steady flow breaks down 
in the eapillary tube would undoubtedly constitute an interesting 
curiosity of great value. For this purpose, expansion of a certain poly- 


nomial of degree one in terms of the functions j, is necessary, which is 
executed below with the aid of Cauchy's Calculus of Residues. 


4. HEcpansion 


Let us consider the contour integral 


1 Jola va) — Jo(a) 


Bat J p Bu (0) — Hatt NO Pone 
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-@ 
taken round Ponein's contour,*-.where.0 « «<1; the numerator 
has a zero of the second order and the denominator has one of the third _ 
order at the origin. We would, first of all, show that 


* ow I = 0(1) 
as the sequence of contours L'4 tends to infinity. | 
For sufficiently’ great 12 |, the expression for J9(#) is calculated, 
as is well-known, by the asymptotic formula 


Jo(s) = af Blots cos (z —1/4) + bo(e) sin enia i l 


where ao(x) and bo(«) are defined by the asymptotic series . 


bo ds d 
| i g bole) = an” (3) 
J(4) is given, for great |» |, by  - 
Jo) = af 3. cos (—n/4), ag(a)~ 2 
" nz = a 
-. Let «s be a point on the contour I’,. 

Cy a 2 o68(a—n/4) 

ma 





= “ton a 7E] 1:290) ,- HARA) - 0/2) | 


e (2r | g | j 1,9090 14," 2M) iR | s | — 1/2) 





- 


S (day a 7387300 | 14 225) cos on) 72) |, | P] se] RO) 








- 


zx (On| a 1) 36309 TERT (A) 








1+ a730) cos (2R(s) —/2) 


1+ 296) cos (2R(2) —7/2) |, . 


A 


: Dae) : L il a^ 3 (9) 








I; = 6308 | 44:4 7 290) con (2R(2) — 2/2) 





and I4 = 6 | 3(2) | ha e^ | 3() | cos Gt aia) 
^N CRM 
* > Oe erg i 
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it can be easily shown that 


I Ig = Ij, 4) = ; 
Ia = I4, 3+) >0 (A’) 


. I, = Is S(t) <0 
Hence from (A) and (A’) it follows that 














Tala) 2 (r a 73 130a y o2 oos eR- (Aj) 
in our case  S(s) = 0. r 
Again, |Jo(ez) e el Ss lu, Vs | Me) | zs AB) 
Therefore 007 
Jo 2| o7 1 30017 (o, |, jl iB.) 
x Jd o (4) 1427231 A (QR (c) — 1/2) , 1 
as a consequence of (A) and (B). 
Let qo be defined by the following equation, 
odo 7 V»). p(n | s n .. (0) 
p being a positive constant, so that 
do -> œ~, as]? | —- oo. y AGI) 
For [3(| > go 
Java) | — a 0-7 Vs )L13(9)- 49] m "od 
j Jol) ' p{1 +67 21969) loos (QR{#) - 2/2) p(i—e~2 | 34) | 
5 1 


RUPES AN Id leo (a finite quantity), — ... (Og) 
p(1—67 400) p 


for sufficiently large |z| ; eg being a positive quantity, however small. 
From (C$) we infer, choosing p and |«| sufficiently great, 
1Jo(e x) 

| Iola) 
Let B; be & point on the portion ABC of Poncin’s contour, such 

that 3(B,;)=q,> and let OB, make an angle y with the real axis OA. 

. Then 
Bing sc do irren +4 uu from (CG), ^ (C^) 
y —> 0, as |z |] — o. 
# Watson, Theory of Bessel Functions, p. 49. 


< e, eis a positive quantity, however small. —... (Ca) 
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Hence B, would ultimately lie on AB, the angle y being small. v 
Let Bg be the point over B3B such that | $(B3) [79$ and 2B,OB, ide 


ig s small. Over BBC of ABC, 











MeV). 
I! < d Er a 
7$. BO "t —a(a* n) : 
Jols væ) y 2) 
+1- 
saf . Saal uu 
- 
"m Pane #34 pa -23a 
T< e+ if 





, from (Cs), 
an 5580 |*| = eer 


- Pd AP 
^ v 


e 
^ yee 
4 - 
+ 
- M -T 
k 
4 


where R is the upper bound of the numbers* R( sn) of Poncin’: s investi- 


` gation, which is independent of the contour, 


T ga f | +f da 
2n | J noB BO jap — ul«f -284R 


eti 1 
2r R(sf agg ~ HRs Ings 7 2a R 





= mel 


-p 


e+] of 
Nel [ds 
Am |3(«)f* no ne Ve o" 2#R J go D 


where Rie), n^? cos p= (m + 2r. 


^ 


3(4) 56 =p Bin ¢. 


path ping 
an | R8) "aon — p| Ree) lags — 2uR 


etil 


“8x 131%) [Pac "UIS c =e 


t 


* H. P., p. 178 (88). 
E. P., p. 178, 
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{R(a)|,-|S(e)| <= [2] o, are sufficiently large, e, being 
trarily chosen positive quantity, however small. 


E I over BBC —> 0, as, |s| —> œ. 


feed to cad the contour eru over AB). 


"M 
{ 











/ Iya] < (On |a |)! “trom (B) 
: 1407 2136] aos (ani) 
| | e R(z), y, =P COS g=(m+h)a 


cn [anis e) m= | i 
. jt "à 
x E: (2s |f) . zl 4 a 
i “i+ 2i #) SEE un 


-yg " 





- 


| | + aT | Pp frota 0. 





=0(1), when |a| —> oo. 
p 


,.B4Bg is small, with the help of (Cg), as in (C',), we can easily 


iw that I. By ad 


" Ip a 0, as the contour tends to infinity. From symmetry, 
r, ibn - the integral I over other parts of the contour I'm would 


i zito Zero. E i 


1 Jo(24/2) —Jo(e) m 
: Hence, n o J p. nds (2) ^ CEAO EU sas UD) 


te u Jola yT) —Jo(e) 
H Ob. x0 OE aes 
esidue, at the origin, o Qpd 1(8) — 2(2* --)J o (s) 


| a[To(z 2) — Jo(2) 
! zu) Bud 1(s) — 2(2* + pW g(z) ~ <A 5. (Dy) 
i d—1874P-—4 


| 


i 


) 
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* 
Cauchy's formula for residues then yields, So a š 
| 23 Iole, V= Jole), residue st the origin 
= Lim zr n dee from (i 
Whence, from (D) l u 
1—2z-92u E NS CN ee ( 


1 pst — ae 


which is the expansion required. 


5. Unsteady M otion 


‘When unateady motion begins, we have from (7) Section 1, aft 
a little calculation, ; 
Wag =A(1—). 
It being assumed that es 
zł ; 
4a? 3 C, ia} _ 48 
$0} g 


gives the subsequent motion, the given initial condition yields 





w = X Cif (ue 


oo - e m x om - Ff} 
A, ifi = BOs) = ARA a (prr fem 00 


| < 2Buz1 2 
Consequently, i| C,- 13uz3 — (s z^ = 6, 
whence, on account of the linear independence of the functions fi 
proved in Section 2, oe, . j 


2Buxt f 
C — Pen neni iei, piel eee = 
t 12pz — (xt + n)? 1 I, 2, 8, 
But: l H 


4B a E 
E 


afn 
Ria (= ^ ins E tu) EO (F) 


ao d c "e 
= u? = - B Dc y ~ ees | 
e] 12u23 — (af + p)? du s M 
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2 condition (G) would not ordinarily be satisfied, but the E ER 
/ / f the parts of the viscosimeter may be used in proper proportions 
to suit ib. We know 


p = 1602A = i Gaeta , (9) Beetion 1, ... (83) 
which depends upon’ the characteristic constant vo of the fluid and 
on the dimensions of the several parts of the apparatus. ‘To ensure 
the fulfilment of the above condition (G), we suppose, for the sake of 
convenience, that u is adjusted by altering L only, while other 
constants in its expression (G,) are kept fixed. 

The series on the right of (G) has been proved to be padd 
convergent by Poncin. As the æ,’s are all functions of p, the sum of 
the series is & function of u whose form is nob readily available for 
a deeper examination. Theoretically, the equation reduces to one of 
the form (u)—0, say, which, as x is considered here as & function 
of L, takes finally the form F(L)—0, a real root of which, if it exists, 
would give the length of the tube to be used for the success of the 
present dissertation. 

Assuming that the condition (G) holds, we proceed to discuss the 
solution thus obtained. We have 


f - 81, 
w = 3 Oque da” , where C, is given by (F), 











: z? , 
eo ao m m 
2 00s wamO,f,e 40° 
mE : 
SAG he. du = MC Wolz yu) Tole.) 
and ed = 16, fe, c J< edil PACA) o(z,) 
< pleal (1-4 Jo (2l) “Wor, wu ) lel 
TORCA em Eid = 
= Pm o 


1 : i 
sh PTT 74 i 
But 


07 JS LAL o 
Jot. [~ 2p A/2 ji , Jo. 8 are zeros of Jo(a). 
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The series whose general terms are u, and v, being convergent, 
lw] is less than the general term of 8 convergent series of positive 
terms. ‘The series which represents w is therefore absolutely and 
uniformly convergent with respect to the variables u and t in the 
domain D defined by O<ju<jl, Oxt-T, whatever T be. w would 
therefore be a continuous function of the two variables in D. 

Term-by-term integration yields 


OY "mE. s} = s? 
| f wdudi = $5 f C,f:e 4a? re x 6C (1- e 4o? | 
O76 “ig DE 








x? t 
= 80284 X (21 12ua? — (at +p)? 
: E. i * 
: dad 
Now, in? < PTS E 
12022 — (z$-- u)? |. ^ (ett i)? - 12923 


(which is the general term of a convergent series of positive terms). 
Therefore, the series which figures in the second member of the 

above equality is uniformly convergent in the interval Oz t«z'T. ^ 
Again, let wi, wi denote differential coefficients of w, with respect , / 

to r and t sedie and wt?, the second derivative of w, with j 


respect tor. Then 


4 

e. :)- — do(z,) -Ti 

w= 284? 6 da? 
EANET CET 





$ 





EU nez . xt i E: 
" a -a | 


Lm 
w= 


sd) Etra- iuas ^ , 


io i - 
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T r \ a SA RE 
d E Jol ze |7——3J1| 2, — at i 
as a f' cT a fae 
wy? = e. cm 


i 


Jo(r,) . (xt p)? — 120? 


Bu. acre —Jo(x,)_ 2? i 
wi = 2a . — ip fas 
Jol (ftp) pe} —- 


: Bu? 1 E: 
put | a x, [Jg(z,) | (@t+p)? 8 


= O77? 
-uua 7067 


a 
The series 2 wi is therefore uniformly convergent in the domain 


$ ` e 
D and represents the derivative a ; the series Z w! and * 10? 3 
T ie} i=) 
can easily be shown to be absolutely and uniformly convergent in the 
sume domain, validating the differentiations involved in the structure 
of the integro-differential equation when w is defined by the series 
determined above. The success is due to the presence of the factor 
c? in the denominator of w,. No discontinuity of any kind appears 
at any time at any place in the tube unlike Poncin’s problem in which 
an unsupportable initial condition of equilibrium (Section 2) is 
assumed. : 
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Corrections. 


Vol. 88, No. 4. 


180. The foot-note should read as follows : 


"This result and those in SS 7 to 12 were originally 
obtained by Mr. Asghar Hameed analytically; here is 
the geometric treatment, 


Vol. 84, No. 8. 


191. eq. (8). for “R? read “Z” 

183. eq (8). for “P” read “p” 

134. line 3. for “from (5) and (6 Y? read 
j “from (6) and (7 Y. 


